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The Reticulation of a Universal Algebra 


George GEORGESCU!, Claudia MURESAN! 


Abstract 


The reticulation of an algebra A is a bounded distributive lat- 
tice £(A) whose prime spectrum of filters or ideals is homeomorphic 
to the prime spectrum of congruences of A, endowed with the Stone 
topologies. We have obtained a construction for the reticulation of any 
algebra A from a semi—degenerate congruence—modular variety C in 
the case when the commutator of A, applied to compact congruences 
of A, produces compact congruences, in particular when C has principal 
commutators; furthermore, it turns out that weaker conditions than 
the above are sufficient for A to have a reticulation. This construction 
generalizes the reticulation of a commutative unitary ring, as well as 
that of a residuated lattice, which in turn generalizes the reticulation of 
a BL-algebra and that of an MV-algebra. The purpose of constructing 
the reticulation for the algebras from C is that of transferring algebraic 
and topological properties between the variety of bounded distributive 
lattices and C, and a reticulation functor is particularily useful for this 
transfer. We have defined and studied a reticulation functor for our 
construction of the reticulation in this context of universal algebra. 


Keywords: (congruence—-modular, congruence-distributive) variety, 
commutator, (prime, compact) congruence, reticulation. 


1 Introduction 


The reticulation of a commutative unitary ring R is a bounded distributive 
lattice £(R) whose prime spectrum of ideals is homeomorphic to the prime 
spectrum of ideals of R. Its construction has appeared in [30], but it has 
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been extensively studied in [49], where it has received the name reticulation. 
The mapping R +> L(R) sets a covariant functor from the category of 
commutative unitary rings to that of bounded distributive lattices, through 
which properties can be transferred between these categories. In [8], the 
reticulation has been defined and studied for non—commutative unitary 
rings and it has been proven that such a ring has a reticulation (with the 
topological definition above) iff it is quasi-commutative. 

Over the past two decades, reticulations have been constructed for or- 
derred algebras related to logic: MV—algebras [7, 9], BL—algebras [35, 19, 36], 
residuated lattices [39, 40, 41, 42, 43, 44], O-distributive lattices [47], almost 
distributive lattices [48], Hilbert algebras [13], hoops [15]. All these algebras 
posess a “prime spectrum“ which is homeomorphic to the prime spectrum 
of filters or ideals of a bounded distributive lattice; their reticulations con- 
sist of such bounded distributive lattices, whose study involves obtaining 
a construction for them and using that construction to transfer properties 
between these classes of algebras and bounded distributive lattices. 

The purpose of the present paper is to set the problem of constructing 
a reticulation in a universal algebra framework and providing a solution to 
this problem in a case as general as possible, that includes the cases of the 
varieties above and generalizes the constructions which have been obtained 
in those particular cases. Apart from the novelty of using commutator 
theory [17, 37] for the study of the reticulation, essentially, the tools needed 
for obtaining reticulations in this very general setting are quite similar to 
those which have been put to work for the classes of algebras above, and it 
turns out that many types of results that hold for their reticulations can be 
generalized to our setting. In order to obtain strong generalizations, we have 
worked with hypotheses as weak as possible; all our results in this paper hold 
for semi-degenerate congruence—modular varieties whose members have the 
sets of compact congruences closed with respect to the commutator, with 
just a few exceptions that necessitate, moreover, principal commutators. 

The present paper is structured as follows: Section 2 presents the 
notations and basic results we use in what follows; Section 3 collects a set of 
results from commutator theory which we use in the sequel, along with the 
standard construction of the Stone topologies on prime spectra, specifically 
the prime spectrum of ideals of a bounded distributive lattice and the prime 
spectrum of congruences of a universal algebra whose commutator fulfills 
certain conditions. The results in the following sections that are not cited 
from other papers, or mentioned as being either known or simple to obtain, 
are new and original. 
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In Section 4, we construct the reticulation for universal algebras whose 
commutators fulfill certain conditions, prove that this construction has the 
desired topological property and obtain some related results. 

In Section 5, we provide some examples of reticulations, study particular 
cases, such as the congruence—distributive case, show that our construction 
generalizes constructions for the reticulation which have been obtained for 
particular varieties, and prove that our construction preserves finite direct 
products of algebras without skew congruences. 

In Section 6, we obtain some arithmetical properties on commutators 
that we need in what follows and study the behaviour of Boolean congruences 
with respect to the reticulation. 

In Section 7, we define a reticulation functor; our definition is not 
ideal, as it only acts on surjections; extending it to all morphisms remains 
an open problem. In this final section, we also show that the reticulation 
preserves quotients, and that it is a Boolean lattice exactly in the case 
of hyperarchimedean algebras, which we also characterize by several other 
conditions on their reticulation. These characterizations serve as an example 
for the transfer of properties to and from the category of bounded distributive 
lattices which the reticulation makes possible. 

We conclude our present paper with Section 8, in which we lay out the 
main contributions of this paper and some directions for future research. We 
intend to further pursue the study of the reticulation in this universal algebra 
setting and use it to transfer more properties between the variety of bounded 
distributive lattices and the kinds of varieties that allow a construction 
for the reticulation. A theme for a potentially extensive future study is 
characterizing those varieties with the property that the reticulations of their 
members cover the entire class of bounded distributive lattices. 


2 Preliminaries 


For a further study of the following notions from universal algebra, we 
refer the reader to [1, 12, 25, 32]. For the lattice-theoretical ones, we 
recommend [5, 11, 16, 24]. 

We shall denote by N the set of the natural numbers and by N* = N\ {0}. 
For any set WM, P(M) shall be the set of the subsets of M, idy : M > M 
shall be the identity map, and we shall denote by Ayy = {(z, x) | x € M} 
and Viz = M?. For any family (M;)jer of sets, by (a;)ier € [[™% we mean 

tel 
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a; © M; for alli € J. For any sets M, N and any function f : M— N, we 
shall denote by Ker(f) the kernel of f, by f the direct image of f? = f x f 
and by f* the inverse image of f?. 


Throughout this paper, whenever there is no danger of confusion, any 
algebra shall be designated by its support set. All algebras shall be con- 
siderred non-empty; by trivial algebra we mean one-element algebra. For 
brevity, we shall denote by A & B the fact that two algebras A and B of 
the same type are isomorphic. 


For any lattice L, we shall denote by Id(L), Filt(L), PId(L), PFilt(L), 
Maxyq(L), Maxpit(L), Specyg(L) and Specp;;,(L) the sets of the ideals, filters, 
principal ideals, principal filters, maximal ideals, maximal filters, prime 
ideals and prime filters of L, respectively; for any M C LT and any ae J, 
(M], respectively [/), shall denote the ideal, respectively the filter of L 
generated by M, and we shall also use the notations (a] = ({a}] and 
[a) = [{a}); whenever we need to specify the lattice L, we shall denote 
[M)r, (M]z, [a)z and (a]y instead of [M), (M], [a) and (al, respectively. 
For any bounded lattice L, any U C LE and any u € L, we shall denote by 
Ann(U) and Ann(u) the annihilator of U and that of u in L, respectively: 
Ann(U) = {ae L | Va €U)(aA ax =0)} and Ann(u) = Ann({u}); it is 
immediate that, if L is distributive, then Ann(U) = Ann((U]z) € Id(Z). 

For any algebra A, Con(A), Max(A), PCon(A) and K(A) shall denote 
the sets of the congruences, maximal congruences, principal congruences and 
finitely generated congruences of A, respectively. Clearly, A4 € PCon(A) C 
K(A) and K(A) is the set of the compact elements of the lattice Con(A). 
For any X C A? and any a,b € A, Cg4(X) shall be the congruence of A 
generated by X and we shall denote by Cga(a,b) = Cga({(a,b)}). For any 
6 € Con(A), pg : A> A/@ shall be the canonical surjective morphism; if X 
belongs to A, P(A) or P(A?), then we denote by X/6 = po(X). 

Throughout the rest of this paper, 7 shall be a universal algebras 
signature, C an equational class of t—algebras, A and B algebras from C and 
f :A-— Ba morphism in C. Unless mentioned otherwise, by morphism 
we mean T-morphism. For any term t over 7, we shall denote by t4 the 
operation on A associated to t. 

Note that, if 6 € Con(B), then Ker(f) = f*(Ag) C f*(8) € Con(A), 
thus f*(8) € [Ker(f)); also, f(f*(@)) = BN f(A?), thus, if f is surjective, 
then f(f*(8))=8. Ifa € [Ker(f)), then f(a) €Con(f(A)) and f*(f(a@)) = a, 
so, if f is surjective, then f(a) € Con(B). Thus, for any a € Con(A), we 
have f(a V Ker(f)) € Con(f(A)), so, if f is surjective, then f(a V Ker(f)) € 
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Con(B). By the above, a +> f(a) is a lattice isomorphism from [Ker(f)) 
to Con(f(A)), thus to Con(B) if f is surjective, having the corresponding 
restriction of f* as inverse; hence, if f is surjective, then this map sets an 
order isomorphism from Max(A) M [Ker(f)) to Max(B). In particular, for 
any 8 € Con(A), a +> pe(a) = a/8@ is a lattice isomorphism from [0) to 
Con(A/@), which sets an order isomorphism from Max(A)N[@) to Max(A/6). 


3 The Commutator and the Stone Topology 


For a further study of the results on commutators in this section, we refer the 
reader to [1, 20, 32, 46]; for those on Stone topologies, see [1, 17, 18, 23, 45, 28). 
Out of the various definitions for commutator operations on congruence 
lattices, we have chosen to work with the term condition commutator, from 
the following definition. Recall that, in algebras from congruence—modular 
varieties, all definitions for the commutator give the same commutator 
operation. 


Definition 1 [37] Let a, 8 € Con(A). For any uw € Con(A), by C(a, B; 1) 
we denote the fact that the following condition holds: for alln,k € N and any 
termt over tT of arityn+k, if (a;,b;) € @ for alli € 1,n and (c;,d;) € B for 
all f © 1k, theme (07 (Gay. oc Gis Cigcce ote) 4 (Oty os py tlig. 5g) = pi 
iff (t4(b1,...,bn,C1,-.-, Cn), t4(b1,..-,0n, d1,...,dg)) € pu. We denote by 
la, Bla = {us € Con(A) | Cla, 8; 4)}; we call fa, 8], the commutator of a 
and 8 in A. The operation |-,-]4 : Con(A) x Con(A) — Con(A) is called the 
commutator of A. 


Note that, for all a, 8€Con(A), we have C(a, 6; V4); since Con(A) is a 
complete lattice, it follows that [a,8]4€Con(A). Furthermore, according to 
(37, Lemma 4.4,(2)], for any family (j;)ie7 C Con(A), if C(a, 8; y;) for allie J, 
then C(a, B;(} 1). Hence C(a,(;[a,@]4), and thus [a,@]4 = min{p € 


el 
Con(A) | C(a,(;)}, which is exactly the definition of the commutator 
from [38]. 


Theorem 1 [20] Jf C is congruence-modular, then, for each member M 
of C, [-,-]u is the unique binary operation on Con(M) such that, for all 
a,8 € Con(M), fa, 8) = min{u € Con(M) | uw C aN ®B and, for any 
member N of C and any surjective morphism h: M —+ N inC, wV Ker(h) = 
h*((h(a@ V Ker(h)), h(6 V Ker(h)) |x) }. 
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Theorem 2 [29] [fC is congruence-distributive, then, in each member of C, 
the commutator coincides to the intersection of congruences. 


Remark 1 By /37, Lemma 4.6,Lemma 4.7,Theorem 8.3], the commutator 
is smaller than the intersection and increasing in both arguments, that 
is, for all a,8,¢,w € Con(A), we have fa, fla C aN 8B and, ifa C B 
and ¢ C w, then la, dla © [8, v4; if C is congruence—modular, then the 
commutator is also commutative and distributive in both arguments with 
respect to arbitrary joins, that is |a,B|]4 = [8,a]4 for all a,8 € Con(A) 
and, for any non-empty families (aj)ier G Con(A) and (8;)je7 G Con(A), 
[Vo VV Bla = VV V lei Bila: 

wel jE wel JET 

Obviously, if |-,-]4 equals the intersection and it is distributive w.r.t. 
the join, the latter of which holds if C is congruence—modular, then A is 
congruence—distributive. 

By Theorem 1, if C is congruence-modular, a, 3,0 € Con(A) and f 
is surjective, then [f(a V Ker(f)), f(6 V Ker(f))|Ba = f(a, Bla V Ker(f)), 
thus |(a V 6)/0,(6B V @)/O|B = (fa, Bla V 8)/0, hence, if 8 C [a, Bla, then 
[a/9, 8/O\ ajo = lo, Bla/O. 


For brevity, most of the times, we shall use the remarks in this paper 
without referencing them, and the same goes for the lemmas and propositions 
that state basic results. 


Lemma 1 [20] IfC is congruence—modular and S is a subalgebra of A, then, 
for any a, 8 € Con(A), [an $?,8N S2]g C [a, Blan S?. 


Proposition 1 [46, Theorem 5.17, p. 48] Assume that C is congruence— 
n 


modular, and letn € N*, Mj,...,M, be algebras from C, M = [[™% and, 


i=1 
n 


for alli € Ly; Qi; Bi — Con(M;). Then: I] Qi, [| 4ilu — ][lei. Bi u,- 
7=1 i=l 


i=1 


Following [32], we say that C is semi—degenerate iff no non-trivial algebra 
in C has one-element subalgebras. For instance, the class of unitary rings 
and any class of bounded orderred structures is semi-degenerate. 


Definition 2 [20] Let ¢ be a proper congruence of A. Then ¢ is called a 
prime congruence of A iff, for all a, € Con(A), |a, B]4 C ¢ implies aC @ 
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or 8B C @. ¢ is called a semiprime congruence of A iff, for all a € Con(A), 
[a,al4 C ¢ implies a C ¢. 


The set of the prime congruences of A shall be denoted by Spec(A). 
Spec(A) is called the (prime) spectrum of A and Max(A) is called the 
maximal spectrum of A. Not all algebras have prime congruences; however, 
by the following lemma, every non-trivial algebra from a semi—degenerate 
congruence—modular variety has prime congruences. 


Lemma 2 [1, Theorem 5.3] If C is congruence-modular and semi—degene- 
rate, then any proper congruence of A is included in a maximal congruence 
of A, and any maximal congruence of A is prime. 


Proposition 2 [32] C is semi—degenerate iff, for all members M of C, 
Vu €K(M). 


Proposition 3 [20, Theorem 8.5, p. 85] IfC is congruence—modular, then 
the following are equivalent: 

(i) for any algebra M from C, [Vu,Vulu = Vm; 

(ii) for any algebra M from C and any 0 € Con(M), [6,Vul|u = 9; 


(itt) C has no skew congruences, that is, for any algebras M and N from C, 
Con(M x N) = {@x ¢ | 86 € Con(M),¢ € Con(N)}. 


Lemma 3 [fC is either congruence—distributive or both congruence—mo- 
dular and semi—degenerate, then C fulfills the equivalent conditions from 
Proposition 3. 


Proof: The congruence-distributive case is clear from Theorem 2. The 
other case is exactly [1, Lemma 5.2]. 


Lemma 4 [6, Lemma 1.11], [50, Proposition 1.2] If f is surjective, then, 

for any a,b € A, any X C A?, any @ € Con(A) and any a, 8 € [Ker(f)): 
(i) f(@V Ker(f)) = Cgp(f(9)); 

flav B) = fla) Vv (8); 

(ii) f(Cga(a,b) V Ker(f - gp(f(a), f(®)); 

f(Cga(X) V Ker(f)) = sae (X)); 
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(ii) (Cga(a, 6) V 8)/0 = Cgajo(a/0, b/0); 
(Cga(X) V 0)/0 = Cgajo(X/8). 


We say that A has principal commutators iff, for all a, 8 € PCon(A), 
we have [a, 6]4 € PCon(A), that is iff PCon(A) is closed with respect to the 
commutator of A. We say that C has principal commutators iff each member 
of C has principal commutators. Clearly, K(A) is closed with respect to 
finite joins, and, if A has principal commutators and |-,-]4 is commutative 
and distributive w.r.t. the join (for instance if C is congruence—modular), 
then K(A) is also closed with respect to the commutator of A. If C is 
congruence—distributive, then, as shown by Theorem 2: C has principal 
commutators iff C has the principal intersection property (PIP), while K(M) 
is closed with respect to the commutator for each member M of C iff C 
has the compact intersection property (CIP). As a particular case of the 
property of K(A) stated above, if C is congruence—distributive and has the 
PIP, then C has the CIP. We say that C has associative commutators iff, 
for each member M of C, the commutator of M is an associative binary 
operation on Con(M). 


Example 1 /1, 10, 23], [29, Theorem 2.8], [31, 34] As shown by Theorem 
2, any congruence—distributive variety has associative commutators. The va- 
riety of commutative unitary rings is semi—degenerate, congruence—modular, 
with principal commutators and associative commutators, and it is not 
congruence—distributive. Out of the semi—degenerate congruence-—distributive 
varieties with the CIP, we mention semi—degenerate filtral varieties. Out 
of the semi—degenerate congruence—distributive varieties with the PIP, we 
mention: bounded distributive lattices, residuated lattices (a variety which 
includes Godel algebras, product algebras, MTL-algebras, BL—algebras, MV- 
algebras) and semi—degenerate discriminator varieties (out of which we 
mention Boolean algebras, n—valued Post algebras, n-valued Lukasiewicz 
algebras, n—valued MV-algebras, n-dimensional cylindric algebras, Godel 
residuated lattices). 


Let L be a bounded distributive lattice. For any J € Id(L) and 
any a € L, we shall denote by Vig.z(1) = Specyg(L) AO [Z), Diaz) = 
Specyg(L) \ Via,n(Z), Via,n(@) = Via,x((@]) and Dra,r(a@) = Drax ((a]). By re- 
placing Specyg(L) with Specp;,(L), in the same way we can define Vpiit,7(F), 
Drit.r(F), Veit,r(a) and Dpit,,(a) for any Fe Filt(L) and any a€ L. It is 
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well known and straightforward that, if L is non-trivial, then {Dja,,(Z) | I € 
Id(L)} is a topology on Specyq(L), called the Stone topology, having { Dja,i (a) 
| a € L} as a basis, {Via,z(Z) | I € Id(L)} as the family of closed sets and 
{Via,t(a) | a € L} as a basis of closed sets. Since Maxyq(L) C Specyg(L), 
{Dta,t(1) A Maxyq(L) | I € Id(L)} is a topology on Maxjq(L), which is also 
called the Stone topology, and it has {Djq,,(a) M Maxyq(L) | a € L} asa 
basis, {Via,n(Z) A Maxya(L) | J € Id(L)} as the family of closed sets and 
{Via,t(@) M Maxya(L) | a € L} as a basis of closed sets. Dually, we have 
the Stone topologies on Specp;;,(L) and Maxpy;,(L). Specrg(L), Maxyq(L), 
Specp;y;,(Z) and Maxpit(L) are called the (prime) spectrum of ideals, maxi- 
mal spectrum of ideals, (prime) spectrum of filters and maximal spectrum of 
filters of L, respectively. 

Throughout the rest of this section, we shall assume that [-,-],4 is 
commutative and distributive w.r.t. arbitrary joins, which holds if C is 
congruence-modular. For each @ € Con(A), we shall denote by V4(0) = 
Spec(A) M [0@) = {¢ € Spec(A) | 6 C ¢} and by Da4(8) = Spec(A) \ Va(A) = 
{~ € Spec(A) | 6 Z w}. We shall also denote, for any a,b € A, by 
Va(a,b) = Va(Cga(a,b)) = {@ € Spec(A) | (a,b) € o} and by Da(a,b) = 
Da(Cga(a, b)) = {w € Spec(A) | (a,b) € w}. The proof of the following 
result is straightforward. 


Proposition 4 [1] [f Spec(A) is non-empty, then (Spec(A),{Da(0) | 0 € 
Con(A)}) is a topological space, having {Da(a,b) | a,b € A} as a basis 
and in which, for all a, € Con(A) and any family (a;)ier C Con(A), the 
following hold: 
e Da(A,) = 0 and Da(V a4) = Spec(A); 
Va(A4) = Spec(A) and Va(Va) = 9; 
e Da(la, Bla) = Da(an B) = Dala)N Da(8); 
Va([a, Bla) = Va(an 8) = Va(a) U Va(8); 
© Da(\V/ ai) =U Dalai); 
iel i€l 
Va(\/ ai) = () Valor). 


wel tel 


Proposition 5 IfC is congruence—modular and semi—degenerate, then, for 
any a € Con(A): D(a) = Spec(A) iff Vala) = 0 iffa= Va. 
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Proof: D,4(a) = Spec(A) iff Spec(A) \ Da(a) = 0 iff Va(a) = 0. Since 
Spec(A) C Con(A) \ {V4}, we have V4(V4) = 0, which was also part of 
Proposition 4. If a 4 V4, then, according to Lemma 2, there exists a 
@ € Spec(A) such that a C ¢, that is V4(a) 4 0. 

{D,(0) | 8 € Con(A)} is called the Stone topology on Spec(A). Obvi- 
ously, its family of closed sets is {V4(0) | 9€ Con(A)}, and {V4(a, b) | a, be A} 
is a basis of closed sets for this topology. The Stone topology on Spec(A) in- 
duces the Stone topology on Max(A), namely {D4(@)QMax(A) | @€Con(A)}. 

Note that, if C is congruence—modular, B is a member of C and f : 
A — B is a surjective morphism, then the map a +> f(a) is an order 
isomorphism from Spec(A) M [Ker(f)) to Spec(B), and recall that the same 
goes for the maximal spectra. Hence, for any a € [Ker(f)), we have 
Va(f(a)) = f(Va(@)) and [f(a@))AMax(B) = f({a) AMax(A)). In particular, 
for all 9 € Con(A) and any a € |@), we have V4 /9(a/0) = {7/0 |v € Va(a)} 
and [a/6) 7 Max(A/@) = {w/6 | % € [a) MN Max(A)}. 


4 The Construction of the Reticulation of a Uni- 
versal Algebra and Related Results 


Throughout this section, we shall assume that |-,-]4 is commutative and 
distributive w.r.t. arbitrary joins, and that V4 € K(A), which hold in the 
particular case when C is congruence—modular and semi—degenerate. For 
every 9 € Con(A), we shall denote by p4(@) the radical of @, that is the 
intersection of the prime congruences of A which include 6: p4(@) = (\¢ € 
Spec(A) |9Cd}= [) ¢. 


eEVa(A) 


Remark 2 Let a,3¢Con(A) and ¢€Spec(A). Then, clearly, Va4(V.a) = 9, 
and thus pa(V4) = Va. @ C pa(a) and pa(¢) = 6; moreover, pa(a) = a 
iff a is the intersection of a family of prime congruences of A. If a C B, then 
Va(a) 2 Va(B), hence pa(a) € pa(B). Thus, ifa C @, then pa(a) C ¢. 


Following [1], for any a, € Con(A) and every n € N*, we denote by 
[o, 6]4, = [a, Bla and [a, 6]K** = [[o, 6)", lo, B\4]4, and by (a, 6], = [a, Bla 
and (a, 6]%4t" = (a, (a, BlAla- 


Lemma 5 For all n € N*, any a,@ € Con(A) and any family (ai)icr € 
Con(A): 
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(i) Vala) = Va(pa(a)) and 
Va(\V ox) = Val pa(ai)); 
1el wel 
(it) Va(le, B]',) = Va([a, Bla) = Va(an B) = Vala) U Va(B) and 
Vala, a]) = Va(lo, a]4) = Va(a). 


nS ns 


Proof: (i) a C pa(a), thus Va(pa(a)) C Va(a). If @ € Va(a), then 
@ € Va(pa(a@)), so Vala) C Va(pa(a)). Thus V4(a@) = V4(pa(a@)). Hence 
Vat a3) = (] Vali) = (\Valoalax)) = Val pala:)) by Proposition 4, 
i€l iel i€l i€l 
(ii) By Proposition 4, V4([a, Bla) = Va(an) = V4(a)UV4(Z). By induction 
on n € N*, we prove that Va([a, 6]"}) = Vala) U Va(8). Valo, B]4) = 
Va(la, Bla) = Va(a) U Va4(8). Now let n € N* such that V4((9,¢]%) = 
Va(0) U Va(C) for all 6,¢ € Con(A). Then Va([a, 6]%'') = Va([la, BV, 
[a, B)AJa) = Va(lo, BJ) UVa (lo, BY) = Va(la, 8]4) = Vala) UVa(8). Hence 
Va([a, a]4) = Va(la, o]4) = Vala). 


Lemma 6 For all a, 3,0 € Con(A), the following hold: 


(i) pa(a) € pa(@) iff aC pa(8) iff Va(a) D Va(8); 
pa(a) = pa(8) iff Vala) = Va(B); pa(pa(@)) = pa(a); 


(ii) if C is congruence-modular and @ C a, then paje(a/0) = pa(a)/O; 
pajo((aV 8)/8) = pala @)/8; paye(Aayo) = pa(@)/9- 


Proof: (i) Clearly, if V4(a) D V4(G), then pa(a) C pa(G). If pa(a) C 
pa(Z), then, since a C pa(a), it follows that a C p,(8). Finally, if 
a © p(B), then Va(a) D Va(pa(8)) = Va(G), by Lemma 5, (i). There- 
fore pa(a@) = pa(() iff Va(a) = Va(8). By Lemma 5, (i), it follows that 
pa(pa(@)) = pa(a). 

(ii) If 6 C a, then we may write: p4/g(a/?) = () ee ai ¢/0 = 

wEVa/o(a/A) e€Va(a) 

( () 89/0 = pala)/0. Thus pajo((av8)/8) = pa(ave)/9 and pajo(A.aye) 
b€Va (a) 

= pajo(9/0) = pa(@)/0. 


Lemma 7 For any n € N*, any a € Con(A) and any family (aj)ier C 
Con(A): 
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(i) pa(la, B\4) = pa(le, Bla) = pala 8) = pala) pal8); 
pala, a]’4) = pa(la, a]a) = pala); 
(ii) pa(V.a) = Va; palV pa(ai)) = pa(V/ aa); 


ic ie 
if C is congruence-modular and semi—degenerate, then: 


pa(a) = Va tffa=Va, and VV pa(ai) =VaA if J on =V,. 
wel i€l 


Proof: (i) By Lemma 5, (ii), and Proposition 4, p4({a, 6]'4) = pa([a, 8]a) = 
paanB)= f) = ff) = ff) 6n ff) ¢=pala)yn 
b€Va(ang) b€Va(a)UVa(B) bE Va(a) $€Va(8) 

pa(B). Hence pa({a, |) = pa([a,o}a) = pa(a). 
(ii) Va C pa(Va), thus pa(V4) = Va. By Lemma 5, (i), pa(\/ pa(au)) = 


El 
p a(\f a;). If C is congruence—modular and semi-degenerate and a 4 V4, 
El 
then there exists ¢ € V4(a), thus p4(a) C ¢ € Va; hence VV pa(a;) = Va 
wel 
iff pa(\V pa(ai)) = Va iff pa(\f ai) = Va iff Vai = Va. 
iel iel ie] 


The radical congruences of A are the congruences a of A such that 
a = pa(qa). Let us denote by RCon(A) the set of the radical congruences of A. 
So RCon(A) = {a € Con(A) | a = pa(a)} = {p4(a) | a € Con(A)}, where 
the second equality follows from Lemma 6, (i). Clearly, Spec(A) C RCon(A); 
moreover, the elements of RCon(A) are exactly the intersections of prime 
congruences of A. 


Lemma 8 If the commutator of A equals the intersection, in particular if C 
is congruence—distributive, then RCon(A) = Con(A). 


Proof: By [1, Lemma 1.6], under the assumptions on the commutator at 
the beginning of this section, the radical congruences of A coincide to its 
semiprime congruences. Clearly, if |-,-]4 =, then every congruence of A is 
semiprime, and thus radical. 

Most of the previous results on the radicals of congruences are known, 
but, for the sake of completeness, we have provided short proofs for them. 
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For any a, 3 € Con(A), let us denote by a Vv B= pa(aV B). For any family 


(ai)ier C Con(A), we shall denote by VV a; = pa(\/ Qi). 
ie] iel 


Proposition 6 (RCon(A), V,N, pa(Aa), pa(Va) = Va) is a bounded lat- 
tice; moreover, it is a complete lattice, in which the arbitrary join is given 


by the VV defined above. 


Proof: Clearly, V is commutative. By Lemma 7 and Lemma 6, (i), V is 


idempotent and associative, and, together with /M, it fulfills the absorption 
laws. Therefore (RCon(A), V,/M) is a lattice, with p4(A4) as first element 
and p4(V4) = Va as last element. Now let us consider a family (a;)je7 C 


Con(A), M = {pa(ai) | 1 € I} C RCon(A) and let us denote by @ = 

tel 

pa(ou) = pal\/ palax)) = pa(\/ a2), by Lemma 7, (ii). Then @ € RCon(A) 
iel iel 

and pa(a;) C @ for alli € J. If ¢ € RCon(A) and pa(a;) C ¢ for alli € J, 


then VV pala) C ¢, so, by Lemma 7, (ii), ¢ = pa(¢) 2 pa(\/ pa(ai)) =) 

iel ie] iel 
pa(a;) = 8. Therefore 6 = sup(M) in the bounded lattice RCon(A), hence 
this lattice is complete. 


Let us define a binary relation =4 on Con(A) by: a =, @ iff pa(a) = 
pa(3), for any a, 8 € Con(A). =4 N(K(A))? shall also be denoted by =. 
Clearly, =, is an equivalence on Con(A), thus also on K(A). On RCon(A), 
=, coincides to the equality, because, for any a, € Con(A), pa(a) =a 
pa(B) iff pa(pa(@)) = pa(ea()) iff pa(@) = pa(B). For all a € Con(A), let 
us denote by @ the equivalence class of a with respect to =4; if a € K(A), 
then @M K(A) will also be denoted by a; let us also denote by 0 = AA and 
1 = Va. Let £(A) = K(A)/=,4 = {0NK(A) | 0 € K(A)} = {0 | 6 € K(A)}, 
Aa : Con(A) + Con(A)/=, be the canonical surjection and let us denote in 
the same way the canonical surjection 4 : K(A) > L(A). 


Remark 3 By Lemma 7, (ii), if C is congruence—modular and semi-—de- 
generate, then, for any a € Con(A), @ = 1 iff pa(a) = Va = pa(Va) iff 
X= VA: 
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Lemma 9 =, is a congruence of the lattice Con(A) that also preserves the 
commutator, arbitrary joins and \/ over arbitrary families of congruences, 
and fulfills, for all a, 8 € Con(A) and all (a;)ier C Con(A): a =, pa(a), 


la, Bla =a ANB and VV a; =A VV ai. 


wel wel 


Proof: By Lemma 6, (i), a=, pa(a). By Lemma 7, (i), if a,a’, 8, B’ € 
Con(A) such that a =,4 a’ and 6 =, §’, then [a, Bla =a [a’, 6a =a 
aN B=, a’ 6’. By Lemma 6, (i), and Lemma 7, (ii), if (a;)jer C Con(A) 


and (a/);er GC Con(A) such that, for all i € I, a; =, af, then Vy on =,\ 


wel tel 
, —_ / 
a, =A VV ai =A \V/ af. 


wel iel 


Proposition 7 Con(A)/=, is a bounded distributive lattice, with first el- 
ement 0 = A, = pa(Aa) and last element 1 = V4 = baa); in which 
aAB = (a, Bla for all a, 8 € Con(A), and A4 : Con(A) > Con(A)/=, is 
a bounded lattice morphism. Moreover, Con(A)/=, ts a frame, in which 


VV a; = \/ a = V a; and \ a; = Qe: for any family (a;)ier C Con(A). 


ier tel tel wel we. 


Proof: By Lemma 9, =, is a congruence of the bounded lattice Con(A) and 
a =, pa(a) for all a € Con(A), thus Aa = pa(Aa) and (Con(A)/=,,V,/, 
0,1) is a bounded lattice and the canonical surjection 4 : Con(A) > 
Con(A)/=, is a bounded lattice morphism. The fact that the lattice Con(A) 
is complete and the surjectivity of the lattice morphism 4 show that the 
lattice Con(A)/=, is complete and its joins and meets of arbitrary families 
of elements have the form in the enunciation, with the additional equality for 
joins following from Lemma 9. For any families (a;)je7 and (8;)j;e7 of congru- 
ences of A, (VJ &)A(VY 8) = (Ya (CY BP = CV ow V Bilay = 
i€l jetted jet ier jes 

(VV VV lai, Bj|Ay = VV VV [ai, Bila = VV VV (a; 8;), that is the meet is com- 
iel jes iel jes i€l jeJ 
pletely distributive with respect to the join in Con(A)/=,, thus Con(A)/=, 
is a frame, in particular it is a bounded distributive lattice. 

We shall denote by < the partial order of the lattice Con(A)/=,. 


The Reticulation of a Universal Algebra 81 


Proposition 8 (RCon(A), V,N, pa(Aa), pa(Va) = Va) is a frame, iso- 
morphic to Con(A)/=,. 


Proof: Let y: Con(A)/=, — RCon(A), for all a € Con(A), y(@) = pa(a). 
Then ¢ is surjective and, for all a, 8 € Con(A), the following equivalences 
hold: a = f iff a=, 6 iff pa(a) = pa(S) iff p(@) = v8), hence ¢ is well 
defined and injective. By Lemma 7, for all a,3 € Con(A), y(@ A 8) = 
2(@NB) = palan 8) = pala) pal) = o@) NM y(8) and y(@v 8) = 
y(aV 8) = palaV B) = pa(pa(a) V pa(B)) = pala) V pa(B) = 9(@) V 9(8); 
actually, Lemma 7, (ii), and Proposition 7 show that y preserves arbitrary 
joins. Therefore vy is a lattice isomorphism, thus an order isomorphism, 
hence it preserves arbitrary joins and meets. From this and Proposition 7 
we obtain that RCon(A) is a frame and y¢ is a frame isomorphism. 

Throughout the rest of this section, we shall assume that K(A) is closed 
with respect to the commutator. 


Proposition 9 L(A) is a bounded sublattice of Con(A)/=,, thus it is a 
bounded distributive lattice. 


Proof: Since V4 € K(A), we have 1 = VAE L(A). Ay € K(A), thus 
0=A,ec L(A). Since K(A) is closed with respect to the commutator, for 
each a, 3 € K(A), we have [a, 8]4 € K(A), thus aA B= (a, Bla € L(A). 
For each a, 8 € K(A), @V B= avp € L(A). Hence L(A) is a bounded 
sublattice of Con(A)/=,, which is distributive by Proposition 7, thus £(A) 
is a bounded distributive lattice. 

For any 6 € Con(A) and any I € Id(L(A)), we shall denote by: 


a 0 = TS ace RM BP SAAR) SUA), where 
(9] = (@lcon(a) € PId(Con(A)); 


e I,=\/{aek(A)|@eT}= VV ae Con(A). 
aéX," (2) 


Since Ay € K(A) and thus Aa = pat Ma) = 0 € 7, it follows that 
\,' (1) is non-empty for any I € Id(L(A)). 


n 


Lemma 10 For all 6 € Con(A), 6* C (9 |con(A)/= mM L(A) and &* € 
Id(L(A)). If 9 € K(A), then 6 = (]oon(a) NL(A) = Olea € 
Pld(L(A)). 


/=,4 
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Proof: Let @ € Con(A), and, in this proof, let us denote by (0) = 
(9 Joon(A)/= and, in the case when @ € K(A), by (6] = (@Jcva). OF = 
{a | a€ (8)NK(A)}. . 

For all a € (6) K(A), we have a@ € L(A) anda C 9, thus @ < 6 in 
Con(A)/=,, hence a € (6) N L(A), therefore 6* C (0) N L(A). Ay € K(A) 
and A, C 6, thus AG € 0*, so &* is non-empty. Since K(A) is closed w.r.t. 
[-,-]a, @V B, la, Bla € K(A) for any a, 8 € K(A). Let x,y € 6*, which means 
that x = @ and y = @ for some a, 8 € K(A) NM (|. Then aV 6 € K(A)N (6), 
thus Vy = a@vB=aVBe 0*. Now let x € & and y € L(A) such that 
x>y, so that y=aAy. Then x = @ for some a € K(A)N(6] and y = 8 for 
some 3 € K(A). Thus [a, 8]4 € K(A) and [a, B]4 CaN G6 Ca C 8, hence 
la, Bla € K(A) 2 (6), therefore y= xAy=aA B= [a, Bla € O*. Hence 
6* € Id(L(A)). 

Now assume that @ € K(A), so that Be L(A). By the above, 6* C (0) A 
L(A) = (6]. Let x € (@], so that there exists an a € K(A) witha=2<4@, 
thus (a, OA =an0= a =x. But [a,@]4 € K(A)N (8, so x = [a, 44 € &. 
Therefore we also have (0) C 6*, hence 6* = (0] € PId(L(A)). 

By the above, we have two functions: 6 € Con(A) +> 6 € Id(L(A)) 
and I € Id(L(A)) + I, € Con(A). 


Lemma 11 (i) The two functions above are order—preserving. 
(it) For anya € K(A) and any I € Id(L(A)): aC ki, iffae I. 


Proof: (i) For any 0,¢ € Con(A) such that 6 C ¢, we have (6] C (¢], hence 
6* C ¢*. For any I, J € Id(L(A)) such that I C J, we have Ay" (I) C AQ (J), 
thus I, C Jy. 

(ii) “<e=:“ If @ € I, then a € AQ" (1), thusa Cc . 

Se oe ty = VV{B € K(A) | B € I}, then, since a € K(A), it follows 


that there exist an n € N* and Bi,---,Bn € K(A) such that Biden Be el 


wnt oc V Bs tence oY 8.= Vf el, thusae Tl. 


1=1 4I=1 


Lemma 12 (i) For any 0 € Con(A), 6 C (0*)x. 
For any @ € Spec(A), ¢ = (¢")«. 
(it) For any I € Id(L(A)), I = (L.)*. 
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Proof: (i) For any (a,b) € 6, Cga(a,b) € PCon(A) C K(A) and Cga(a, b) 
C 60, thus Cga(a, b) € K(A)N(6], hence C4ga(a,b) € 0*, therefore Cga4(a, b) C 
(0*)x by Lemma 10 and Lemma 11, (ii), so (a,b) € (0*)x. Hence 6 C (6*)«. 
Thus ¢ C (¢*)x. Now let 8 € K(A) such that 6 € ¢* = {a|ae 
K(A),a C ¢}, which means that 5 = @ for some a € K(A) with a C ¢. Since 
8 = a, we have pa(8) = pa(a), while a C ¢ gives us pa(a) C palo) = ¢, 
where the last equality follows from the fact that ¢ € Spec(A). Hence 
BC pa(8) C ¢. Therefore (¢*), = V ify € K(A) | 7 € @*} C d. Hence 
b= (b")x- 
(ii) For any « € L(A), by Lemma 11, (ii), the following equivalences hold: 
x € (I,)* iff there exists an a€K(A) such that aC I, and x = @ iff there exists 
an @€K(A) such that @€/ and x =a iff eel. Therefore (J,)* = I. 


Proposition 10 (i) The map I € Id(L(A)) & I, € Con(A) is injective. 
(ii) The map 60 € Con(A) + @ € Id(L(A)) ts surjective. 


Proof: (i) Let J, J € Id(£(A)) such that I, = J,. Then (I,)* = (Jx)*, so 
I= J by Lemma 12, (ii). 

(ii) Let I € Id(£(A)), and denote 6 = I, € Con(A). Then 6* = (I,)* = I by 
Lemma 12, (ii). 


Lemma 13 (i) For any ¢ € Spec(A), we have ¢* € Specyg(L(A)). 
(ii) For any P € Specyg(L(A)), we have P, € Spec(A). 


Proof: (i) We have ¢* € Id(£(A)) = Id(K(A)/=,). Let a, 6 € K(A) such 
that [a, Bla = @AB € o* = {7 | 7 € K(A),7 C o}. Then there exists a 


—_——~. 


7 € K(A) such that 7 C ¢ and ¥ = [a, Bla, thus pa(y) = pa([a, Bla) and 
pa(y) © pal?) = @ since ¢ € Spec(A). Hence [a, Bla © pa([a, Bla) € 4, 
hence a C gor 6 C ¢ since ¢ € Spec(A). But this means that @ € ¢* or 
B € $*. Therefore ¢* € Specyg(L(A)). 

(ii) We have P, € Con(A). Let a, 6 € PCon(A) such that [a, 8]4 C P,. Then 
a, 8 € K(A), so that [a, B]4 € K(A), and [a, Bla C \/ {7 € K(A) | 7 € PH, 
hence there exist an n € N* and V1, 223% € K(A) such that 41,...,% € P 


—~ 


nr n n 
and [a, Bla © VV %- But then V vi = VV 4i € P, hence aAB= la, Bla € P, 
i=l i=l i=l 
thus a € P or 8 € P since P € Specyg(L(A)). By Lemma 11, (ii), it follows 
that a C P, or 6 C P,. Therefore P, € Spec(A). 
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By Lemma 13, we have these restrictions of the functions defined above: 
e u: Spec(A) — Specyq(L(A)), for all ¢ € Spec(A), u(¢) = ¢*; 
e v: Specyy(£(A)) > Spec(A), for all P € Specyg(L(A)), u(P) = P,. 


Proposition 11 u and v are homeomorphisms, inverses of each other, 
between the prime spectrum of A and the prime spectrum of ideals of L(A), 
endowed with the Stone topologies. 


Proof: By Lemma 12, (ii), for all P € Specyg(£(A)), we have u(u(P)) = P. 
By Lemma 12, (i), for all ¢ € Spec(A), we have v(u(¢)) = ¢. Thus u and v 
are bijections and they are inverses of each other. 

Let 6 € Con(A) and ¢ € V4(6), that is @ € Spec(A) and 6 C ¢. Then, 
by Lemma 13, (ii), and Lemma 11, (i), ¢* € Specyg(£(A)) and 6* C ¢*, so 
o* © Viaccay(6*), and we have u(¢) = ¢*. Hence u(V4()) © Viaccay(9*)- 
Now let P € Viacca)(), that is P € Specyg(£(A)) and 6* C P. Then, 
by Lemma 12, (i), Lemma 11, (i), and Lemma 13, (ii), 9 C (0*), C P, € 
Spec(A), thus P, € V4(@), and we have u(P,) = u(v(P)) = P. Hence 
Via,c(ay(8*) © u(Va(@)). Therefore u(V4(9)) = Via,ca)(*), thus u is closed, 
hence u is open, so v is continuous. 

Now let I € Id(£(A)). Then, according to Proposition 10, (ii), J = 0* 
for some # € Con(A). By the above, u(V4(9)) = Via.ccay(O*) = ViaccayZ), 
hence v(Vja,cca)(Z)) = v(u(Va(0))) = Va(0), therefore v is closed, hence v is 
open, thus u is continuous. 

Hence u and v are homeomorphisms. 


Proposition 12 [5, 24] If L and M are bounded distributive lattices whose 
prime spectra of ideals, endowed with the Stone topologies, are homeomorphic, 
then L and M are isomorphic. 


Theorem 3 (i) L(A) is a reticulation for the algebra A. 
(ii) The reticulation of A is unique up to a lattice isomorphism. 


Proof: (i) By Propositions 11 and 9. 
(ii) By Proposition 12. 


Corollary 1 [fC is congruence—modular and semi—degenerate, then u and v 
induce homeomorphisms, inverses of each other, between the maximal spec- 
trum of A and the maximal spectrum of ideals of L(A), endowed with the 
Stone topologies. 
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Proof: By Lemma 2, Proposition 11 and the fact that, as Lemma 11, (i), 
ensures us, u and v are order—preserving, and hence they are order isomor- 
phisms between the posets (Spec(A), C) and (Specyq(£(A)), C). 


Proposition 13 [1, Proposition 4.1] For any 6 € Con(A), p4(@) = {(a, b) 
A? | (An € N*)([Cga(a,b),Coala,b)I% C 8)}, 80 pa(Aa) = {(a,b) € 
A? | (An € N*) ([Cga(a,b), Cga(a, 6) = Aa)}. 


Lemma 14 (i) For all 0 © Con(A), (6*)x = pa(@) and pa(0)* = 0. 


MM 


$ 


a 


(it) For all I € Id(L(A)), paUx) = Le. 


Proof: (i) For every 8 € K(A) such that 8 € 6* = {7 | 7 € K(A),y C 4}, 
there exists an a € K(A) such that a C 0 and a@ = B, thus B C pa(B) = 
pa(a) C pa(@). Therefore (6*), = V ify € K(A) | 7 © &} C pa(@). Now 
let (a,b) € pa(O), so that, according to Proposition 13, Lemma 12, (i), 
and Lemma 11, (ii), for some n € N*, [Cga(a, b), Cga(a, b)]% COC (@)«, 
henee ([Cga(a,b),Cga(a,b)J4)" € 6. But pa((Cga(a,b),Cga(a,d)I3) = 
pa(Cga(a, b)), thus Cga(a, b) = ([Cga(a, b), Cga(a, b)]%) € @*, hence (a, b) 
€ Cga(a,b) C (0*), by Lemma 11, (ii). Therefore p4(@) C (6*),. Hence 
(0*), = pa(0). By Lemma 12, (ii), it follows that 0* = ((6*),)* = p4(6)*. 
(ii) By (i) and Lemma 12, (ii), we have p4(J.) = ((Ie)*)« = Tk. 


Proposition 14 The maps 0€ RCon(A)H+6@* €ld(L(A)) and I € Id(L(A)) 
+» I, € RCon(A) are frame isomorphisms and inverses of each other. 


Proof: By Lemma 14, (ii), for all J € Id(£(A)), we have I, € RCon(A), 
hence the second map above is well defined. By Lemma 12, (ii), for all 
I € Id(£L(A)), U.)* = I. By Lemma 14, (i), for all 9 € RCon(A), 6 = 
pa(0) = (6*),. Hence these functions are inverses of each other, thus they 
are bijections. By Lemma 11, (i), these maps are order—preserving, thus 
they are order isomorphisms, hence they preserve arbitrary joins and meets, 
therefore they are frame isomorphisms. 


5 Some Examples, Particular Cases and Preserva- 
tion of Finite Direct Products 


Throughout this section, we shall assume that |-,-]4 is commutative and 
distributive w.r.t. arbitrary joins and V4 € K(A). These hypotheses are 
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sufficient for the following results we cite from other works to hold, and the 
complete tables of the commutators for the following algebras show that their 
commutators fulfill these properties. We shall denote by HSP(A) the variety 
generated by A. By [1, Proposition 1.2], if HSP(A) is congruence—modular, 
then, for each proper congruence ¢ of A: ¢ is prime iff ¢ is semiprime 
and meet-irreducible in the lattice Con(A). Of course, since each of the 
algebras M from the following examples is finite, we have Viz € K(M). We 
have used the method in [38] to calculate the commutators, excepting those 
in groups, where we have used the commutators on normal subgroups; recall 
that the variety of groups is congruence—modular [37]. Following [1], we say 
that A is: Abelian iff [Va, Vala = Aa, solvable iff [Va, Va] = Aa for some 
n € N*, nilpotent iff (Va, Val, = Aa for some n € N*. For any n € N*, we 
shall denote by £,, the n-element chain. By © we shall denote the ordinal 
sum of bounded lattices. 


Remark 4 [f Spec(A) = 0, then pa(a) = Va for all a € Con(A), hence 
=a= Va), thus L(A) = K(A)/Viva) = £1. If Spec(A) = {6} for some 
o € Con(A)\ {Va}, then: pa(9) = ¢ = pa(Aa) for all 6 € (|, and pa(@) = 
Va = pa(Va) for all 6 € Con(A) \ (¢], therefore, since Ay, Va € K(A), 

Obviously, if A is Abelian, then A is nilpotent and solvable and has 
Spec(A) = @. Moreover, by [1, Proposition 1.3], if A is solvable or nilpotent, 
then Spec(A) = 0. Thus, if A is solvable or nilpotent, in particular if A is 
Abelian, then L(A) = Ly. For instance, according to [87], any Abelian group 
is an Abelian algebra, hence its reticulation is trivial. 

If A is simple, that is Con(A) = {Ay, Va} C K(A) C Con(A), so that 
K(A) = Con(A) = {Ag, Va}, thus £(A) = {0,1}, so we are situated in one 
of the following two cases: either A is Abelian, so that L(A) & Li, or the 
commutator of A equals the intersection, so that Spec(A) = {A,4} and thus 
L(A)= Lo. 


Proposition 15 If the commutator of A equals the intersection, in partic- 
ular if C is congruence—distributive, then K(A) is a bounded sublattice of 
the bounded distributive lattice Con(A) and \4 : K(A) > L(A) is a lattice 
isomorphism, thus we may take L(A) = K(A). 


Proof: Assume that [-,-]4 =M. A, € PCon(A) C K(A). K(A) is closed 
w.r.t. the join, and we are under the assumptions that V4 € K(A) and 
K(A) is closed w.r.t. the commutator, so w.r.t. the intersection. Hence 
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K(A) is a bounded sublattice of Con(A). By Lemma 8, =4= Ax a), thus 
L(A) = K(A)/Agyay = K(A) and the canonical surjection 4 : K(A) + L(A) 


is a lattice isomorphism. 


Remark 5 Jf Con(A) = K(A), in particular if A is finite, then L(A) = 
Con(A)/ =a, so, if, furthermore, the commutator of A equals the intersec- 
tion, in particular if C is congruence—distributive, then L(A) = Con(A) by 
Proposition 15, thus we may take L(A) = Con(A). 

As a fact that may be interesting by its symmetry, if A is finite and its 
commutator equals the intersection, so that Con(A) is a finite distributive 
lattice, then £(Con(A)) = Con(Con(A)) = Con(L(A)). It might also be inter- 
esting to find weaker conditions on A under which £L(Con(A)) = Con(L(A)). 


Remark 6 By Proposition 15, if A is a residuated lattice, then L(A) = 
K(A). If we denote by Filt(A) the set of the filters of A and by PFilt(A) 
the set of the principal filters of A, then, since Con(A) & Filt(A) and the 
finitely generated filters of A are principal filters [21, 26], it follows that 
L(A) = K(A) & PFilt(A), which is the dual of the reticulation of a residuated 
lattice obtained in [89, 40, 41], where the reticulation has the prime spectrum 
of filters homeomorphic to the prime spectrum of filters, thus to that of 
congruences of A by the above, so this duality to the construction of L(A) 
from Section 4 was to be expected. 


Remark 7 /f A is a commutative unitary ring and Id(A) is its lattice of 
ideals, then it is well known that Id(A) = Con(A). Jf, for all I € Id(A), we 
denote by VI the intersection of the prime filters of A which include I, then 
[8, Lemma, p. 1861] shows that, for any J € Id(A), there exists a finitely 
generated ideal K of A such that VJ = VK. From this, it immediately 
follows that the lattice £(A) is isomorphic to the reticulation of A constructed 


in [8]. 


Example 2 For any group (G,-), any x € G and any normal subgroup H 
of G, let us denote by (x) the subgroup of G generated by x and by =x the 
congruence of G associated to H. As shown by the following commutators 
calculations, the cuaternions group, Cg = {1,—-1,i,—-i,j,-j,k,—k}, is a 
solvable algebra which is not Abelian, while the group S3 = {1,t,u,v,c, d} 
of the permutations of the set 1,3, where 1 = idgg, t= (12), = (13), 
v = (23), c= (123) andd=coc, has Spec(S3) =, without being solvable 
or nilpotent. The following are the subgroups of Cg, respectively S3, all of 
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which are normal, and the proper ones are cyclic, thus Abelian: (1), (—1), (2), 
(j), (k) and Cg, respectively (1), (t), (u), (v), (c) and S3, so Cg and S3 have 
the following congruence lattices and commutators, which suffice to conclude 
that Spec(Cg) = Spec(.S3) = 0, since we are in a congruence-modular variety, 
and thus £L(Cs) = G (53) ~L1, by Remark 4: 

8 


Cs —=C; 
Vs3 = 83 
=(c) 

VAs ==As 

As, ==(1) As ==(1) 

0 (9, | 5, 0 | [?, A] as 

As, As, Aa; AAs 

=(-1)| Ac, =a) | Ass Vas | VAs 
=) | =(1) S(u) | Ass 
=u) | =C1 =(v) | Assy 
=) | =(-1) =) | Assy 
Vee | =e) Vs; | Vos 


Here is an example of a group with non-empty prime spectrum, due to 
Erhard Aichinger and Bernhard Ganter: the group As of the even permu- 
tations of a 5-element set is the smallest non-Abelian simple group, thus 
it has the congruence lattice and the commutators above, where we have 
denoted by 1 the identity map of the 5-element set, so Spec(As) = {Ay;}, 
thus £L(A5) = Lo by Remark 4. 


Example 3 This is the algebra from [2, Example 6.3] and [8, Example 4.2]: 
U = ({0,a,b,c,d},+), with + defined by the following table, which has the 
congruence lattice represented below, where U/a = {{0,a}, {b,c,d}}, U/B = 


{{0, b}, {a,¢, d}}, U/y = {{0,, i 
d ; 


i b}} and U/6 = {{0}, {a}, {b}, {c, d}}: 
: uy ( B ry 6 Vu 


+/0 a be lo | & 
010 a bcd U~ Ay | Av 
ala 0 ec b b ae Au 
b|}b ec 0 aa B Av 
c|/c ba 0 0 ) Y Av 
d|d ba 0 0 6 | Au 
Au Vu Au 


U is not Abelian, nor is it solvabl 


e or nilpotent, as shown by the table 
of |-,-]u above, but Spec(U) = 0, thus L(U) = Ly by Remark 4. 


Au 
) 


6 
) 
) 


a 


Au Avy Ay Av 


6 
) 
) 
) 


B 


6 


6 
+ 
6 


) 
) 
) 
Au 
) 


a 


6 


~y 
6 


Vu 
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Example 4 Let M = ({a,b,x,y,z},+) and N = ({a,b,c,x,y},+), with + 
defined by the following tables. Then Con(M) and Con(N) have the Hasse 
diagrams below, where: M/a = {{a,b}, {z,y,z}}, M/8 = {{a, d}, {z, y}, 
{z}}, M/y = {{a, 5}, {z, 2}, ty}}, M/6 = {{a, b}, {x}, {y, 2}} and M/e = 
{{a, b}, {xr}, ty}, {2h}, N/x = {{a,b,ch,{z,y}}, N/xa = {{a,0,c}, {zr}, 
{y}}, Ni&§ = {{a, b}, {ce}, {x yh}, N/&i = {{a, b}, {c}, {x}, {yh}, N/w = 
{{a}, {b, ch{z,ytts N/v1 a {{a}, 1b, ce}. {a}, {yt} and N/¢ = {{a}, {5}, 


{ce}, {x, y}}. Vu Yn 
+}/a bay 2z +/a b can y 
aja b aaa S aja bcaa & 
bib bb b bg 5b b bc bb yi 
xv x xv xv xv x Cc Cc Cc Cc Cc Cc ped 
SU Ue Sr. 9 2 ag E c)o LL L On 
o2| Bo Bee Op Yo ape Yo a 


Au An 
Although M is congruence-modular and N is congruence—distributive, 
neither HSP(M), nor HSP(N) is congruence-modular, because S = ({a, b}, 
+) = (Lo,max) © (Zo,-) is a subalgebra of both M and N, and it can be 
easily checked that S* is not congruence-modular. Thus neither HSP(M), 
nor HSP(N) is semi—degenerate, which is also obvious from the fact that 
({a},+) is a subalgebra of both M and N. 
We have: [0,¢|w = for all 0,¢ € [e) and, of course, [Ay,0]m = 
(0, Am|m = Aw for all 0 € Con(M), hence Spec(M) = {Az} and thus 
L(M) = Lo, while |-,-|n is given by the following table, thus Spec(N) = 
{w,€}, so py is defined as follows and hence L(N) = {0,£,w,1} & £3: 
Peele lesa Sar, i, Oe a Ve) 
An |An An An An An An An An An ¢ 
w |An t ts An An An HW WwW wy 
v1 | An 1 1 An An An Hh Hh WH vy 
¢ |An An An An An An An An An] ¢ 
& Wine 2a Ae oD a ER Es 28 € 
fr Aw aw Ag oA Gi Gis Sie er St c 
VN 
VN 
VN 


x | An wm wt An & & NUN MN XI 
Mu AN er. i> SA he. Eb. OR Kae 
Vn |An wy WW An & & RN xX XI 


Example 5 Here are some finite examples in the congruence—distributive 
variety of lattices, thus in which the reticulations are isomorphic to the congru- 
ence lattices. Regarding the preservation properties fulfilled by the reticulation, 
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these examples show that there is no embedding relation between the reticula- 
tion of an algebra and those of its subalgebras: if E is the following bounded 
lattice, then, for instance, {0,x,y,1} =L4 = La®L2OLo, D = {0,a, x, b, 1} 
and P = {0,a,x,y,1} are bounded sublattices of E. We have: L(E) = 
Con(€) = {Ag, pu, Ve} = £3, where E/p a {{O}, {a}, {z, yt, {bb {1H}, 
L(L4) a Con(L4) = Con(L2 Loe L2) a Con(L2)? a Le, £(D) = 
Con(D) = {Ap, Vp} = Le and L(P) = Con(P) = {Ap,a, 8,7, Vp} = 
Lo ® £3, where P/a 7 {{0, 2, y}, {a, Nag Pie = {{0, a}, {x, y, 1}} and 
P/y = {{O}, {a}, {zy}, {1 
1 VP 


Cog b Ye a 

a ; 

0 Ag Ap 
Remark 8 By /22, Lemma 3.3], in any variety, arbitrary intersections 
commute with arbitrary direct products of congruences. If C is congruence- 
modular and M is an algebra fromC such that Ax M has no skew congruences, 
then Spec(Ax M) = {ox Vu | ¢ € Spec(A)}U{Vaxy | w € Spec(M)}. This 
follows from Proposition 1 in the same way as in the congruence-—distributive 


case, treated in [22, Proposition 3.5, (it)/. 


2 ll 


Now let us see that the reticulation preserves finite direct products 
without skew congruences: 


Theorem 4 Let M be an algebra from C such that the direct product Ax M 
has no skew congruences. Then: 


(i) for all@ A X C A? and all@ AY C M2, Cgaxm(X XY) = Cga(X) x 
Cgu(Y), and the map (a, 1) ++ a x p is a lattice isomorphism from 
Con(A) x Con(M) to Con(A x M); 


(ii) PCon(A x M) = {a x ps | a € PCon(A), up € PCon(M)} and 
K(Ax M)={axp|aeK(A),wek(M)}. 
If C is congruence-modular and Vy € K(M), then: 
e for all a € Con(A) and all u € Con(M), 
PAxM(@ X f) = pala) x pu (tH); 
® =4xmM==a X =u and L(A x M) = L(A) x L(M). 
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Proof: Ax M has no skew congruences, that is Con(Ax M) = {axp|ae€ 
Con(A), uw € Con(M)}. 

(i) By Remark 8, Cgaxm(X x Y) =()\{@ € Con(A x M)| Xx Y COP = 
(\{a x w | @ € Con(A), € Con(M),X x Y Cax ph =f\axpulae 
Con(A), u € Con(M),X Ca,Y C p} = ((\{a € Con(A) | X C a}) x 
(Mu € Con(M) | Y C py) = Cga(X) x Com (Y). 

This also shows that the map (a, 1) > a x ps is a lattice isomorphism 
from Con(A) x Con(M) to Con(A x M), because it is clearly injective, it is 
surjective by the above, it preserves the intersection by Remark 8 and, for all 
a, 8 € Con(A) and all p,v € Con(M), (a x pw) V (6 x v) = Cgaxm((a X pL) 
U(8 x v)) © Cgaxm((aU B) x (uUv)) = Cga(a@U 8) x Com(mHUv) = 
(aV B) x (uVv), since, clearly, (a x 4) U(B x v) C (@UB) x (uUv), but, also, 


(axp)V(Bxv) € Con(Ax M), thus (ax p)U(Bxv) C (axp)V(Bxv) =yxo 
for some y € Con(A) and a0 € Con(M), soaxpCyxoandBxuvCyxa, 
henceaCy,8 Cy, u~CoaandyvCo,soavP Cy and wVvy Co, hence 
(aV B)x (uVv)Cyxo=(axp)V(EBx Vv) C (aV B) x (UV v), therefore 
(av B) x (UV v) = (a x pf) V (BX v). 

(ii) By (i), for all a,b € A and all u,v € M, Cgaxm((a,u),(b,v)) = 
Cga(a,b) x Cgm(u,v), hence the expression of PCon(A x M) in the enun- 
ciation. From this and the second statement in (i), we obtain: K(A x M) 
= {Cgaxmu({(a1, U1),---; (Qn; Un)}) | nEN*, a1,...,@n € A,u1,.--,Un€ M} 
= {Vii Coaxm(ai,us) | n € N*,a1,...,€n € A,u1,...,un € M} 
= {Vi (Cga(ai) x Cam(ui)) | n € N*,a1,...,¢n € A,u1,-..,Un € M} 
= {(Vi_1 Caa(ai))x(ViLy Com (u)) | nEN*, a1,...,4n€A, 1, ...,Un EM} 
= {Cga(aq,.--,An)XC gu (uy, ---,;Un)|NEN*, aj,...,€n€ A, U1,.--,Un€ M} 
=faxp|aeK(A),uek(M)}. 

Now assume that C is congruence-modular and Vy € K(M). Then, 
by Remark 8, for any a € Con(A) and any uw € Con(M), pax u(a x “) = 
(ix € Spec(A x M) | axpC x} =f\{éx Va | @ € Spec(A),a x pC 
x Vutn(Va xv |v € Spec(M),axucCVaxv}=(\{oxVu | oe 
Spec(A),a © O}N(N{Va x | w © Spec(M),u C Pp} = (Me | ¢ € 
Spec(A),a € o} x Vu) 1 (Va x (Uv | v € Spec(M), uw © Y}) = (pala) x 
Vu) (Va X pau (H)) = (pala) Va) x (Vie N pa (H)) = pala) X pau (H). 
Hence, for all 6,¢ € Con(A x M), we have: 0 = ax ys and ¢ = 8 x v for some 
a, € Con(A) and p,v € Con(M), and thus: 0 =a4y yy ¢ iff pax (0) = 
pax (6) iff paxm(@X f) = paxm (8 Xv) iff pa(@) x pm (H) = a(S) x pu(v) 
iff pa(a) = pa(B) and pu(u) = pm(v) iff =, 6 and wp =y v. 

Now let y : L(A) x L(M) > L(A x M), for all a € K(A) and all 
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uw € K(M), 9(@,fi) = ax p. By (ii), y is well defined and surjective 
and fulfills, for all a, @ € K(A) and all u,v € K(M): v((a,p) V (6,7)) = 
(QV B, iV?) = plav B, AV) = ((aV8)x (uVv))* = ((axp)V(Bxv))* = 


(ax un) V BX) = y(@,A) V 06,9) and, similarly, o((@,2) A (6,2) = 
(a, LZ) A y(8,V). By the form of =4x yy above, ¢ is injective. Hence » is a 


lattice isomorphism. 


Example 6 Let Y be the variety generated by the variety of lattices and 
that of groups. Then, according to [14, Theorem 1, Lemma 1, Proposition 3] 
and [83], V is congruence—modular and any algebra M from V is of the 
form M = (L,V,/) x (G,-,*), where (L,V,/A) is a lattice, (G,-) is a group 
andxxy =x !-y for all x,y € G, and the direct product above has no 
skew congruences, thus, by Theorem 4, Con(M) = Con(L) x Con(G) and 
L(M) = L(L)x L(G), since each congruence of the group G also preserves the 
operation x. Thus, for instance, if we consider the lattice P from Example 5 
and the group (53,0) from Example 2, and we denote o*t = 071 oT for all 
o,T € 53, and M = (P,V,A) x (S3,0,*), then M is a finite algebra from V 
which is not congruence-distributive, because Con(M) = Con(P) x Con($3) 
and Con(S3) is not distributive, and L(M) = L(P) x L(S3) = L(P) x Li = 
L(P) = Con(P) & Le @ £2. 


6 Boolean Congruences versus the Reticulation 


Throughout this section, we shall assume that |-,-]4 is commutative and 
distributive w.r.t. arbitrary joins and V4 € K(A). For any bounded lattice L, 
we shall denote by B(L) the set of the complemented elements of L. If L 
is distributive, then B(L) is the Boolean center of L. Although Con(A) is 
not necessarily distributive, we shall call B(Con(A)) the Boolean center of 
Con(A). 


Lemma 15 For all n € N* and all a,8 € Con(A): [a, B]t! = [[a, Bla, 


[a, Bal; if the commutator of A is associative, then [an.er = |la, al’, 


[B, Byala. 


Proof: By induction on n. 


Lemma 16 For all n,k € N* and all a, 8,¢,v~,a1, a2,...,a~% € Con(A): 


(i) ifaCB and dCy, then la, oh € [8,0]; 
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(ii) if k <n, then [a, BY C [a, Bh; 
(iii) if k > 2 and n> 2, then [a, BJ” C la, BJK, [a, BJA"; 
(iv) [aV B,av BI Cav (6, B)%; 
(v) [avB, av Bl'* C fa, aK V[B, B]4 and [oVB,aV Ay C (a, a}4v[B, Bl; 
(vi) [ay V... Vag, 01 VV... Vag) © far, a] V... V [ag on)”. 
Proof: (i) By induction on n. 
(ii) For all p € N*, [a, BJ%** = [[a, BJ, (a, By] © [a, 6], hence the inclu- 


sion in the enunciation. 
(iii) Assume that n > 2. We apply induction on k, (ii) and Lemma 15. For 


k = 2, we have: (la, 8}%,[o, 314% = Illa, Bla, (2, Bala (la, Bla, fa, Blalal’ 
= [a, B){'? D [a, 62”. Now take a k > 2 that fulfills the inclusion in the 
enunciation for all a, € Con(A). Then [[a, B]K", fa, BAT = [[[a, Bla, 
[a, Bilal (la, Bla, la, Alas’ 2 [[a, Bla; [a, Alan _ [a, Ber 2 


Creve eva) ale 

(iv) We apply induction on n. For n = 1 and all a, € Con(A), we have 
laV B,aV Bla = [a,a]a V [a, Bla V [B,a]4 V (8, Bla C a V [8, Bla. Now 
let n € N* such that [a V B,a V B)% C a V [8,6]% for all a, 8 € Con(A). 
Then, by the induction hypothesis and the case n = 1, we have, for all 
a, 6 € Con(A): [a V B,aV plait = [laV B,avV Bh, [aV BaV Blhla © 
[ov [8, 614, eV (8, Bla CoV (6, 61%, 18, Bala = ov (6, BI. 

(v) We apply (iv) and (iii). For n = 1, [a,a]§, V [B, Bla D [a V B,av Ik. 
For k = 1, [a,ala V [6,8]% D2 lav B,aVv Bly. For k > 2 and n > 2, 
[a, o]4, VIB, 8)" 2 [la, alVB, [o, a], V 5) 2 [laVB, aVB)4, (ev, av6]4)% 2 
la V B,aV B)K". For k =n, we obtain the second equality. 

(vi) We apply induction on k. The statement is trivial for k = 1. Let k € N* 
that fulfills the equality in the enunciation for any congruences of A, and let 
Q1,---,Q@k,Qk41 € Con(A). By (v), it follows that [a1 V...V ax V @41, @1 V 
...-V anv onsi|* = [(ay4 MW culzaae W- Qr) V Qk+1; (ay Vi sed Ar) V Onl" ‘a 


[ay Vien Wipes Ole Vac V ax)" V [ont1, +1)" < [a1, 01)" V...V [a On)" V 


lonti, W441] 4- 
For the following, recall, also, the equivalences in Proposition 3. 


For all 0,¢ € Con(A), we shall denote by 6 > ¢ = Vi{a € Con(A) 
(0,0]4 C ¢} and by 0t =9 > Ay = Vie € Con(A) | [6,a]4 = Ay}. 
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Lemma 17 For all a, 8,7 € Con(A): 
(i) [a, Bla Cy falc Bo; 


(it) if la, Vala =a, then: a> B=V~a iffaCcB. 


Proof: (i) “=:“873 y= \/{e € Con(A) | [8,4]4 C y}. Since [6,a]4 = 
[a, Bla C7, it follows that a C B > 7. 

“<:“ We havea C B > y = \/{e € Con(A) | [G,4]4 © vy}, hence 
[8,0] = la, Bla c [8,8 = yA = (3, \V {0 € Con(A) | [8,4 Cc Y}]a = 


VIB, Ola | 8 € Con(A), [8,64]4 Cy} C7. 
(ii) By (i), a> B=Va iff V4 Ca B iffa=[Va, ala CB. 


Remark 9 For all 0,¢ € Con(A), 8 > ¢ = max{a € Con(A) | [0,a]4 C ¢}, 
because, if we denote by M = {a € Con(A) | [6,a]4 C ¢}, then [0,0 > 
(a=[0, VV ala= V [6,4 C6, hence @ + CEM. 
aceM aceM 
Note, also, from the above, that, if |-,-|4 is associative and |a, Vala = a 


for all a € Con(A), then (Con(A),V,A,[-,-]4, 7, Aa, Va) is a residuated 
lattice, which, of course, is a Gédel algebra if N = |-,-]4, in particular if C is 
congruence—distributive. 


Lemma 18 /f {[6,V4]4 = 0 for all 0 € Con(A), then, for any a,B,y € 
Con(A) and any o € B(Con(A)): 


(i) ifaVB=Va, then la, Bla =an; 
(it) iffaVB=aVy=Va, thenaVv [8,74 =aV(BNY) =Va; 
(iti) ifaV B=Va, then [a,a]% V [8,6)% = Va for all n € N*; 


(iv) [ojala =aona. 


Proof: (i) Assume that a V 8 = V4. Since (aN 6) > [a, Bl, = \/ {0 € 
Con(A) | [an B, 8) Cc lo, Bla} and [a q B, Bla Cc [o, Bla and [a, a a Bla c 
[a, Bla, it follows that a C (aN 8) > |[a, Bl, and B C (aN B) = |[a, Bla, 
hence V4 =aV 6B C (aN B) > |a, Bla, therefore (aN 8) > [a, Bla = Va, 
thus aN 6 C [a, B]4 by Lemma 17, (ii). Since the converse inclusion always 
holds, it follows that aM 8 = [a, 8] ,. 
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(ii) Assume that aV B =aVy= Va, so that V4 = [Va, Vala = |aV B,aV 
ya = la,a]a V [B,a]4 V [a, YI V[B, Ya CV [B, ya Cav (BN) C Va, 
hence a V [8,y]J4 =aV (BN) =Va. 

(iii) We apply induction on n. Assume that a V 6 = Va, so that, by 
(ii), a V [6,B]4 = Va, thus [a, a], V [6,8]4 = Va, hence the implication 
holds in the case n = 1. Now, if n € N* fulfills the implication in the 
enunciation for all a, € Con(A), and assume that a V 6 = Va, so that 
[a, oJ") V [6, 6] = Va. Then, by the case n = 1, it follows that [a,a]{*" Vv 
8, al = (fa, oft, a, a3] V (18,813, 18, Alla = Va. 

(iv) o € B(Con(A)), so there exists a 7 € Con(A) with 0 Vr = Vy and 
ot = Ay. Thus the following hold: oNa = [V4,aNala = [oVT,0Nal, = 
[o,0NajaV[t,0Nala C [o, a]4V(TNONA) = [o,a]AVAag = [o,a]4 C Na, 
hence [o,a]4 = oNMa. For (iv), we have followed the argument from [27, 
Lemma 4]. 


Remark 10 By Lemma 18, (iv), if [0,V ala = 9 for all 6 € Con(A), then, 
in B(Con(A)), the commutator of A equals the intersection, in particular 
the intersection in B(Con(A)) is distributive with respect to the join. 


Lemma 19 [f f is surjective, then: f(PCon(A) M [Ker(f))) C f({a Vv 
Ker(f) | a € PCon(A)}) = PCon(B) and f(K(A) /M [Ker(f))) C f({a Vv 
Ker(f) | a € K(A)}) = K(B); if C is congruence-modular and s 
degenerate, then f(B(Con(A)) M [Ker(f))) C f({a V Ker(f) | a 
B(Con(A))}) C B(Con(B)). 

In particular, for all @ € Con(A): {a/6 | a € PCon(A)/N [A)} C 
{(a V @)/6 | a € PCon(A)}) = PCon(A/@) and {a/@ | a € K(A)N [O)} C 
{(a V 6)/0 | a € K(A)}) = K(A/O); if C is congruence-modular and 
semi—degenerate, then {a/@ | a € B(Con(A)) NM [@)} C {(aV 6)/O | ae 
B(Con(A))}) C B(Con(A/6)). 


semi-— 


Proof: The first inclusion in each statement is trivial. The equalities for 
principal and on compact congruences follow from Lemma 4, (ii). Now assume 
that C is congruence-modular and semi-degenerate, and let a € B(Con(A)), 
so that a V 8 = Vy and [a, 8]4 = Ay for some 8 € Con(A), hence, by 
Lemma 4, (i), and Remark 1, f(a V Ker(f)) V f(6 V Ker(f)) = flav 
Ker(f) V BV Ker(f)) = f(V.a) = Vz and [f(a V Ker(f)), f(6 V Ker(f) |B = 
f({a, Bla V Ker(f)) = f(Aa) = Az, therefore f(a V Ker(f)) € B(Con(B)). 


Proposition 16 (i) Assume that f is surjective. Then: 


96 G. Georgescu, C. Muresan 


if Va € PCon(A), then Vp € PCon(B), and, 
if Va € K(A), then Vp € K(B). 
(ii) Va € PCon(A) iff Vajo € PCon(A/@) for all 6 € Con(A). 
Va EKA) iff Vayo € K(A/®) for all 0 € Con(A). 
Proof: (i) By Lemma 19. 


(ii) By (i) for the direct implications, and the fact that A/A4 is isomorphic 
to A, for the converse implications. 


Lemma 20 If C is congruence—modular, then, for alln € N* and any 
a, 6 € Con(A): 


(i) if f is surjective, then 
[f(a V Ker(f)), f(8 V Ker(f) 5 = f(a, 8], V Ker(f)); 
(ii) for any 0 € Con(A), [(a V 4)/0, (8 V 8) /4)%4 9 = (la, BIA V 8)/8; 
(iti) for any 0 € Con(A) and any X,Y € P(A’), 
[Coajo(X/0), Coajo(¥/)l"4 19 = ((Cga(X), Cga(¥ J] V 9)/0. 


Proof: (i) We proceed by induction on n. For n = 1, this holds by 

Remark 1. Now take an n € N* such that [f(a V Ker(f)), f(6 V Ker(f))|% = 

f (la, 6]% V Ker(f)). Then, by the induction hypothesis and Remark 1, 

[f(av Ker(f)), f(8 V Ker(f))p** = [[F(av Ker(f)), (8 V Ker(f))], [F(a V 

Ker(f)), £8 V Ker(f))I Ble = Lf (lax ly V Ker(f)), F(a, 8) V Ker(f))]a = 

f ([le, 6), [2, Bla] V Ker(f)) = f([a, B]a" Vv Ker(f)). 

(ii) Take f = pg in (i). 

(iii) Take a = Cg4(X) and 6 = Cga(Y) in (ii) and apply Lemma 4, (iii). 
We call A a semiprime algebra iff p4(A4) = Ay. So A is semiprime iff 

Aa € RCon(A). 


Remark 11 By Lemma 8, if the commutator of A equals the intersection, 
then A is semiprime, hence, if C is congruence—distributive, then every 
member of C is semiprime. 


Proposition 17 [fC is congruence-modular, then A/pa(Aa) is semiprime 


Proof: By Lemma 6, pajp.(a4)(AA/pa4(Aa)) = PA(PA(Aa))/pa(Aa) = 
pa(Aa)/pa(Aa) = Aajpa(aa): 
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Lemma 21 [/f A is semiprime, then, for all a, € Con(A): A4(a) = 0 iff 
a= Ag, and [a, Bl4 = Ag iff aN B= Ag. 


Proof: Let a, € Con(A). Since \4(Ay) = 0 and [a, 6]4 C aN BG, the 
converse implications always hold. Now assume that A is semiprime. If 
Aa(a) = 0 = Ag(Aag), then a C pa(a) = pa(Aa) = Ag, thus a = Ay. 
If [a,B]4 = Ag, then Ag(aN B) = Aa([a, Fla) = A4(Ay) = O, hence 
aM 6 = Ay by the above. 


Lemma 22 For any 0,6 € Con(A): 6+ = V{a € PCon(A) | [a,4]4 = 
Aa} = \/{a € KA) | fa, 64 = Aa} = \V{o € Con(A) | [a, O]4 = Aa} = 
max{a € Con(A) | [a,6]4 = Au}, thus: o C 6+ iff [o, 6], = Aa. 


Proof: Let M = {a € Con(A) | [a,@]4 = Ay}. For alla € M and all 
(a,b) € a, [Cga(a,b), AJA C [a, O]4 = Ag, thus Cga(a,b) € MM PCon(A). 


eer Va=V VV Cga(a,b) C VV vc VV yc 


aceM aceM (a,b)Ea yEMNPCon(A) yEMNK(A) 


VV a, therefore 6+ =\V/ a= VV a= VV a. Note, also, 

acM acM aéMNK(A) a€MnPCon(A) 

that [6+,4]4 =| LY, a, 44 = VV [2,94 = VV Aa = Aa, hence 6+ € M, 
acM acM acM 

thus 0+ = max(M). If o C 6+, then [o, 6J4 C (6+, 04 = Aa, thus [o, 6] 4 = 

Ax, and conversely: if [o,0]4 = Aa, then o € M, thus o C max(M) = 6+. 


Remark 12 By Lemma 21, if A is semiprime, then, for any 0 € Con(A), 
{a € Con(A) | [a,6J4 = Ay} = {a € Con(A) | aNd = Ag} is the 
annihilator of 6 in the lattice Con(A) and it coincides to the principal ideal 
(6+] of Con(A) by Lemma 22. 


Lemma 23 For any 6 € Con(A), the following hold: 
(i) pa(9) = \/{a € Con(A) | Ak € N*) ([a, a], C 4)} 


= V{a € K(A) | (Ak EN*) (fa, a] 
= V{a@ € PCon(A) | (dk € N*) ([a,a 


(ii) for anya € K(A), a C pa(O) iff there exists a k € N* such that 
[o, a], C0. 
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Proof: (i) By Proposition 13 and the fact that PCon(A) 

pa) = \f{Cga(a,b) | (a,b) € A’(ak € = ([Cga(a, 6), 

Cga(a, bd), CO)} = ioe BCom) | (AkEN*) (fa, a] CO 

| (Ak € N*) (fa, af 0} € Via € Con(A )| @ fe NY) (la al, © 9)} 

C V{aeé PCon(A) | (dk € N*) ([a,a]% C 6)}, where the last inclusion 

holds because, for any a € Con(A), if k € N* is such that [a,a]\, C 4, 

then, for any (a,b) € a, [Cga(a,b), _. dK C [a, al’, C @, thus a = 
Ve Cga(a,b) © \{Cgala,b) | (a,b) € A®,(Ak € N*) ([Cga(a,b), 

(a,b)Ea 

Cga(a, b)|*, C 0)}. Hence the equalities in the enunciation. 

(ii) The converse implication follows directly from (i). 

For the direct implication, from (i) it follows that, for any a € K(A) 
such that a C pa(@), there exist non-empty families (3;)j;e7 GC K(A) and 
(kj) jer G N* such that a C VV 6; and (6), Bl? C @ for all 7 € J. Since 

jet 
a € K(A), it follows that there exist an n € N* and ji,..., jn € J such that 


ac VV By, Let if = max{j1, aes Tet € N*. Then reel ee = (Bj, Bi] = 


“=~ 


i=l 
for each i € I,n, thus, by Lemma 16, (vi), [a,a]* <V Bs; V Bile C 
V (Bie Ball ce 
1=1 


Proposition 18 = (i) pa(Aag) )=\{a€Con( A) | (AK EN*) (fa, a] =Aa)} 
= Vf{a€ K(A) | Gk EN*) ([a, a] = Aa)} 
= V{a € PCon(A) | (Ak € N*) ([a, ak, = Aa)}; 


(ii) for anya € K(A), a C pa(Ay) iff there exists a k € N* such that 
[o, a]*, = Ag. 


Proof: By Lemma 23. 


Corollary 2 A is semiprime iff, for any a € K(A) and any k € N*, if 
[a,a]*, = Aa, thena=Ag. 


Throughout the rest of this section, we shall assume that [0, V4]4 = 
for all 6 € Con(A). 
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Lemma 24 (B(Con(A)),V,[-,-]4 =, L, Aa, Va) ts a Boolean algebra. 


Proof: We follow, in part, the argument from [27, Lemma 4]. Let a, 6 € 
B(Con(A)), so that there exist @, 8 € B(Con(A)) such that ava = BV B 
= Va andana=8N8=Ag. Then, by Remark 10, the following hold: 
(av B)NaNB = (ananB)v(BNaANB) = AaVAg = Ax and, since ANB C A, 
it follows that aVBV(@NB) = aVBV(A@NB)V(aNB) =aVvBV(aNn(BVB)) = 
aVBV(a@NV 4) =aV8Va=Va. Analogously, (@VB)NangB = A, and avBV 
(aNB) = Va. Hence aV8,aNnG € B(Con(A)). Clearly, A4, V4 € B(Con(A)). 
Therefore 6(Con(A)) is a bounded sublattice of Con(A). By Remark 10, 
it follows that (B(Con(A)), V, [-,-]4 =, Aa, Va) is a bounded distributive 
lattice, and, by its definition, it is also complemented, thus it is a Boolean 
lattice. By a well-known characterization of the complement in a Boolean 
lattice, for any 8 € B(Con(A)), the complement of @ in B(Con(A)) is 0 
= max{a€ B(Con(A)) | and=Ay} = max{ae B(Con(A)) | [a, 64 =A} 
C max{a € Con(A) | [a,@]4 = Aa} = 6+ according to Lemma 22, thus 
Va=O0V0C O6V6, so 6V 0+ = Vy. Again by Lemma 22, Ay = 
(0,0+]4 =0N6+. Therefore 6+ € B(Con(A)) and 6+ is the complement of 0 
in B(Con(A)). 


Proposition 19 e B(Con(A)) C K(A). 


e A4(B(Con(A ae B(Con(A))/=, C B(L(A)) € B(Con(A)/=,) and 
XA |B(Con(A)): B(Con(A)) + B(L(A)) is a Boolean morphism. 
) (A 


e IfK(A)= ea , then L(A) = B(L(A)). 


Proof: Let a € B(Con(A)), so that aV 8 =Va4 and an $8 = Ag for some 
6B € Con(A). 
Now let 0 4 (a;)iey C Con(A) such that a C VV a;, so that BV VV a; = 


wel tel 
n 


Va €K(A), thus V4 = BV VV a;; for some n € N* and some 1j,...,in C J, 
j=l 
hence, by Lemma 18, (i), a = [a, Vala = [a,6 V VV aijla = |[a, Bla V 
j=l 
aij]a = AaV [a, VV aijja a a 
j=l j=l =1 
\ a(B(Con(A))) = B(Con(A))/=,. Since ae € B(Con(A)) C K(A), 
we have \4(a) € L(A). 1 = Aa(Va) = Aa(@V B) = Aa(Q) V Aa(B) and 


as 


i 
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0 = \4(Aa) = Aa(a@N B) = Aa(Q@) A Aa(B), hence A4(a) € B(L(A)). There- 
fore \4(B(Con(A))) C B(L(A)). Since £(A) is a bounded sublattice of the 
bounded distributive lattice Con(A)/= ,, it follows that B(£(A)) is a Boolean 
subalgebra of B(Con(A)/=,). Hence 2,4(B(Con(A))) = 
B(Con(A))/s, © B(L(A)) © B(Con(A)/=4). 4: Con(A) 
— Con(A)/=, is a (surjective) bounded lattice morphism. Hence 
XA |B(Con(A)): B(Con(A)) + B(L(A)) is well defined and it is a bounded 
lattice morphism, thus it is a Boolean morphism. 
If K(A) = B(Con(A)), then £(A) = A4(K(A)) = A4(B(Con(A))) C 
B(L(A)) C L(A) by the above, thus £(A) = B(L(A)). 
Throughout the rest of this section, C shall be congruence—modular and 
semi—degenerate. 


Theorem 5 (i) The Boolean morphism 4 |gB(Con(A)): B(Con(A)) > 
B(L(A)) is injective. 


(ii) If the commutator of A is associative, then \4(B(Con(A))) = B(L(A)) 
= B(Con(A))/=4 € B(Con(A)/=4) and a |y(conay): B(Con(A)) > 
B(L(A)) is a Boolean isomorphism. 


(itt) is is semiprime, then \4(B(Con(A))) = B(L(A)) = B(Con(A))/=, 
ae \/= =a) and Xa |BCon())? B(Con(A)) > B(L(A)) és a 
Be ean isomorphism. 


Proof: (i) By Proposition 19, 4 |g(con(a)): B(Con(A)) > B(L(A)) is a 
Boolean morphism. \4(a) = 1 iff a = Va, hence this Boolean morphism is 
injective. 

(ii) Assume that the commutator of A is associative, and let x € B(L(A)) C 
L(A) = A4(K(A)), so that x Vy = 1 and «A y = 0 for some y € B(L(A)) 
and there exist a, 3 € K(A) such that x = A4(a) and y = A4(G). Then 
AA(aV B) = Xg(Q) V Ag(B) = ©Vy = 1 = Ag(Va), hence aV 8 = Va. 
We also have X4([a, BJa) = Aa(@) AAa(8) = AY = 0 = Xg4(Aag), thus 
la, Bl) © pa(an 8) = pa(Aa), and, since K(A) is closed with respect to the 
commutator, we have [a, 3]4 € K(A), thus, according to Proposition 18, (ii), 
[[a, of §, (6, Bla = [o, gjkH = [[a, Ba; [o, Bla)‘, = Aa for some k € N*; we 
have apace Lemma 15. But a= Va, thus [a, a] Vv [8, B]k, = Va, hence 
[a, a], NB, BK, = [la, of, (6, B)A]4 = Aa by Lemma 18, (iii) and (i). There- 
fone [a, al’, € B(Con(A)), hue z= X4(a) = A4(la, a]§,) € A4(B(Con(A))), 
hence B(L(A)) C A,4(B(Con(A))), thus B(L(A)) C A,y4(B(Con(A))) = 
B(Con(A))/=, C B(L(A)) C B(Con(A)/=,) by Proposition 19, therefore 
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Cai BiConta))) B(Con(A))/= 
XA |B(Con(A)): B(Con(A)) > BIL 
isomorphism. 

(iii) Assume that A is semiprime, and let x € B(Con(A)/=,), so that 
xVy=1and «Ay =0 for some y € B(Con(A)/=,). Hence there exist 
a, € Con(A) such that x = A4(a) and y = Ag(G), thus 1 = xr#Vy = 
Na(a) V Aa(B) = AA(aV B) and 0 =aAy= Xa(a) A Aa(B) = A4(AN B), 
therefore aV 6 = V4 and aN 6 = Ay by Lemma 21. Hence a € B(Con(A)), 
thus « = A4(a) € A4(B(Con(A))) = B(Con(A))/=,, therefore, by Proposi- 
tion 19, B(Con(A)/=,) € A4(B(Con(A))) = B(Con(A))/=, C B(L(A)) C 
B(Con(A)/=,), hence A4(B(Con(A))) = B(Con(A))/=, = B(L(A)) = 
B(Con(A)/=,). Therefore 4 |B(con(a)): B(Con(A)) > B(L(A)) is surjec- 
tive, so, by (i ‘ it is a Boolean aces a 


A = B(L(A)) C B(Con(A)/=,). Therefore 
(A)) is surjective, so, by (i), it is a Boolean 


Lemma 25 [f A is semiprime and a € Con(A), then: a € B(Con(A)) iff 
Aa(a) € B(L(A)). 


Proof: We apply Proposition 19, which, first of all, gives us the di- 

rect implication. For the converse, assume that A4(a) € B(L(A)) = 

B(Con(A)/=,), so that there exists a 8 € Con(A) with Ay(a V B) = 

Aa(a@) V Aa(8) = 1 = Ag(Va) and A4(@N B) = Ag(Q) A A4(B) = O, thus 

aV6=Va,andan f= Ay, by Lemma 21. Therefore a € B(Con(A)). 
For any 2 C Con(A), let us consider the property: 

(A,Q) for all a, 6B € Q and all n € N*, there exists a k € N* such that 


[lo, a], [8, Bila & [a, BIA 


Remark 13 By Lemma 15, if the commutator of A is associative, then 
(A, Con(A)) holds. 

Notice, from the proof of statement (iii) from Theorem 5, that this 
statement, and thus the fact that 4 |B(Conay): B(Con(A)) > B(L(A)) is a 
Boolean isomorphism, also hold if property (A,K(A)) is fulfilled, instead of 
the associativity of the commutator of A. 


Open problem 1 Under the current context, determine whether (A, K(A)) 
always holds; if it doesn‘t, then determine whether (A,K(A)) is equivalent 
to the associativity of the commutator of A. 


Throughout the rest of this paper, all annihilators shall be considerred 
in the bounded distributive lattice L(A), so they shall be ideals of the lattice 
L(A). Recall that £(A) = A4(K(A)). 
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Lemma 26 For any a € K(A): Ann(a*) = {A4(8) | 6 € K(A), Aa((a, B]a) 
= 0}, and, if A is semiprime, then Ann(a*) = {\4(8) | 6 € K(A), [a, Bla = 
Ay}. 


Proof: By Lemma 10, Ann(a*) = Ann((A4(@)]) = {Aa(8) | 6 € K(A), (Va 
E (Aa(@)]) (@ A Aa(B) = 0)} = {Aa(B) | BE K(A), Aa(@) A AaB) = OF = 
{Aa(G) | 8B € K(A), Aa([a, B]4) = 0}. By Lemma 21, if A is semiprime, 
then, for any 8 € K(A), Aa([a, B]4) = 0 iff [a, 8]4 = Aa, hence the second 
equality in the enunciation. 


Lemma 27 For any a € Con(A) and any I € Id(L£(A)), if Ann(a*) C J, 
thenat C I,. If A is semiprime and a € K(A), then the converse implication 
holds, as well. 


Proof: For the direct implication, assume that Ann(a*) C J and let 
B € K(A) such that [a, B]4 = Ay, hence A4(a@) A A4(8) = Aa([a, Fla) = 
AA(A4) = 0. Now let x € a*, so that = A,(y) for some y € K(A) 
with y C a. Then x = Ag(y) < Aa(a), hence x A Ag4(B) = Aa(y) A 
AA(B) < AA4(@) A AA(B) = 0, so eA A4(B) = 0, thus A4(8) € Ann(a*) CI 
therefore G C I, by Lemma 11, (ii). According to Lemma 22, at = VV{B € 
K(A) | la, Bla = Aa} CL. 

For the converse implication, assume that A is semiprime, a € K(A) 
and at C I,, and let  € Ann(a*), which means that « = A,4(8) for 
some 3 € K(A) with [a, 6], = Ay, according to Lemma 26. Hence, by 
Lemma 22 and Lemma 11, (ii), @ C at C I,, thus = 4(8) € J, therefore 
Ann(at) CI. 


’ 


Theorem 6 (i) For any 0 € Con(A): (6+)* C Ann(6*), and, if A is 
semiprime, then (6+)* = Ann(6*). 


(it) For any I € Id(L(A)): (I4)+ C Ann(I)x, and, if A is semiprime, then 
(i> =] Ann(),. 


Proof: (i) (@+)* = {\4(a) | a € K(A),a © 6+} = {Aa(Q) | 
[a,6]4 = Ag}, by Lemma 22. Ann(6*) = {A4(a) | a € K(A), ( 
(Aa(a) Ax = Aa(Aa))} = {Aa(a) | @ € KA), (VB € K(A)) ( 
ra(lo, Bla) = Aa(a) A AA(B) = AA(Aa))} = {Aa(Q@) | 
K(A)) (6 S 6 = pa([a, Bla) = pa(Aa))}- 

Let a € K(A) such that \4(a) € (6+)*, which means that [a,@]4 = Ay. 
Then, for any 8 € K(A) fulfilling 8 C 6, we have [a, 8], C [a,@]4 = Aa, 
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so [a, 8], = Ag, thus pa(la,8]4) = pa(Aa)), hence A4(a) € Ann(6*). 
Therefore (@+)* C Ann(6*). 

Now assume that A is semiprime and a € K(A) such that A4(a) € 
Ann(6*), which means that, for all 8 € K(A) such that 8 C @, [a, Bla © 
C 


pa([a, Bla) = pa(Aa) = Aa, so [a, Bla = Ag. 0 = VV Cga(a, b) 
(a,b)€0 


\/{B € K(A) | 8 C 6} C @, thus 6 = \/{8 € K(A) | 8 C 9}, 80 [a, 64 = 
[a, \/{8 € K(A)| 8 C O}4 = fla, Bla | B EK(A),8 CO} =\/{Aa | BE 
K(A),6 CO} = \/ {Aa} = = Ax, therefore \4(a) € (6+)*, hence Ann(6*) C 
(9+)*, thus Ann(6*) = (6+)*. 

) 


(ii) 4)" = Via € K(A) | [a, Ja = Aa} = Via € K(A) | [a, V{6 € 
K(A) | Aa(B) € T}]a = Aa} = Via € K(A) | Vila, Bla € K(A) | 8 € 
K(A a(8) € Ty = Bab = Via € K(A) | (V8 € KA) Oal8 els 

a(a) € Ann()} = V{a € 


) 
),A 
[a, BJA = Aa)}. (Ann(1)). = Via € K(A) | A 
K(A ) | WB € K(A)) (Aa(8) € I => Aa(a) A Aa(8) = 0)} = V{a € 
K(A) | (VB € K(A)) (Aa(8) € T= Aa([a, Bla) = Aa(Aa))}- 
For all a, @ € Con(A), if [a,B]4 = Aa, then Aa([a, Bla) = Aa(Aa), 
hence (I,)+ C Ann(I)«. 
By Lemma 21, if A is semiprime, then, for NOY a,3 € Con(A), 
da(la, Bla) = Aa(Aa) = O iff [a, Bla = Aa, hence (,)+ = Ann(J),. 
We call A a hyperarchimedean algebra iff, for all a € PCon(A), there 
exists an n € N* such that [a, a]% € B(Con(A)). 


Remark 14 Jf a € Con(A) and n € N* are such that [a, aj", € B(Con(A)), 
then, by Remark 10, [a,a)"*! = [[a,al’,,[a,al’l4 = [a,al N [aay = 
[a,a]%, thus [a, al‘, = [a, a], for all k € N such that k > n. 


Remark 15 [f [a,a]4 € B(Con(A)) for all a € PCon(A), then A is hy- 
perarchimedean. Thus, if PCon(A) C B(Con(A)) and A has principal com- 
mutators, then A is hyperarchimedean. If the commutator of A equals the 
intersection, for instance if C is congruence-—distributive, then: A is hyperar- 
chimedean iff PCon(A) C B(Con(A)). By Lemma 24 and Proposition 19, the 
following equivalences hold: PCon(A) C B(Con(A)) iff K(A) C B(Con(A)) 
iff K(A) = B(Con(A)). 


Remark 16 By Lemma 24, the lattice Con(A) is Boolean iff Con(A) = 
B(Con(A)), which implies that the commutator of A equals the intersec- 
tion, according to Remark 10, and thus, since PCon(A) C Con(A) = 
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B(Con(A)), A is hyperarchimedean, while Remark 11 ensures us that A 
is semiprime. From Proposition 19, we obtain the following equivalences: 
Con(A) is a Boolean lattice iff B(Con(A)) = Con(A) iff B(Con(A)) = 
K(A) = Con(A). Of course, since L(A) is a bounded distributive lattice, 
L(A) is a Boolean algebra iff L(A) = B(L(A)). 


Proposition 20 (i) If A is semiprime, then: K(A) = B(Con(A)) iff 
L(A) = B(L(A)). 


(ii) If Con(A) is a Boolean lattice, then A is hyperarchimedean and se- 
miprime and L(A) is isomorphic to Con(A), in particular L(A) is a 
Boolean lattice, as well. 


Proof: (i) The direct implication holds by Proposition 19. For the converse, 
let a € K(A), so that Ay(a) € L(A) = B(L(A)), thus a € B(Con(A)) by 
Lemma 25. Hence K(A) C B(Con(A)), thus K(A) = B(Con(A)). 

(ii) By Remark 16, A is hyperarchimedean and semiprime, and B(Con(A)) = 
K(A) = Con(A), hence £(A) = B(L(A)) by (i), and thus A4 : Con(A) = 
B(Con(A)) > B(L(A)) = L(A) is a Boolean isomorphism, according to 
Theorem 5, (iii). 


Proposition 21 If A is hyperarchimedean, then A/0 is hyperarchimedean 
for all 0 € Con(A). 


Proof: Let 6 € Con(A). For any a,b € A, there exists an n € N* such 
that [Cga(a, b), Cga(a, b)]% € B(Con(A)). Then, according to Lemma 20, 
(iii), and Lemma 19, [Cg4/9(a/0, 6/8), Cgajo(a/, 6/8) "4 19 = ([Cga(a,d), 
Cga(a, b)|" V @)/0 € B(Con(A/@)), therefore A/@ is hyperarchimedean. 

Now let us give a direct proof for part of Theorem 8 in the next section: 


Proposition 22 If A is hyperarchimedean, then L(A) is a Boolean lattice. 


Proof: Let 6 € K(A), so that 6 = a1 V...V an for some n € N* 
and ay,...,@, € PCon(A). Since A is hyperarchimedean, there exists 
a k € N* such that, for all ¢ € 1,n, [ai, ai], € B(Con(A)), thus \4(a;) = 
Na([au, ai]§,) € A4(B(Con(A))) C B(L(A)) by Proposition 19, so that 
Aa(O) = Ag(ay) VV... V AA(Qn) € B(L(A)). Hence A4(K(A)) = L(A) C 
B(L(A)), thus £(A) = B(L(A)), so L(A) is a Boolean lattice. 
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7 A Reticulation Functor 


Throughout this section, C shall be congruence—modular and semi—degenerate 
and such that, in each of its members, the set of the compact congruences 
is closed w.r.t. the commutator. Also, the morphism f : A > B shall be 
surjective, so that the map yy : Con(A) > Con(B), ys(a) = f(a V Ker(f)) 
for all a € Con(A), is well defined. 


Remark 17 By Lemma 19, ps(K(A)) = K(B). 

For any algebra M from C and any X C M?, let us denote Viy(X) = 
Vu(Cgm(X)). Then, by the proof of [1, Proposition 2.1] and Lemma 4, 
(i), for all a € Con(A), {f(¢) | d € Vala)} = f(Va(a)) = Va(f(a)) = 
Va(Con(f(a))) = Va(f(a V Ker(f))) = Va(yy(@))- 


Con(A) PL ik 
U| 
i fl ee 
Al B 
L(A) Af) _. rv) 


Let us define £(f) : L(A) > L(B), for all a € K(A), L(f)(@) = vs (a), 
that is £(f)(A4(a@)) = AB(f(a@ V Ker(f))). 


Proposition 23 L(f) is well defined and it is a surjective lattice morphism. 


Proof: By Remark 17, the restriction yy |Kc4): K(A) > K(B) is well 
defined and surjective. Let a,6 € K(A) such that A4(a) = Aa4({B), so 
that pa(a) = pa(8), thus Va(a) = Va(9), hence Va(ys(a)) = f(Va(a)) = 
f(Va(8)) = Va(y,s(8)), thus pa(ys()) = pa(ys(8)), so AB(ys(@)) = 
Ap(ys(B)), that is L(f)(Aa(a)) = L(f)(Aa(B)); we have used Lemma 6, 
(i), and Remark 17. Hence L(f) is well defined. Ag : K(B) > L(B) 
ver \xca): K(A) > K(B) are surjective, thus so is their composition, and, 
since £L(f)oA4 = Apo yy, it follows that L(f) is surjective. 

By Remark 1, Lemma 4, (ii), and Lemma 7, for all a, 6 € K(A), the 
following hold: L(f)(a@ A B) = L(f)(Aa(a) A Aa(B)) = L£(f)(Aa([a, Ja) = 
AB(yz (le, B]a)) = AB(f (la, Bla V Ker(f))) = Aa(Lf(a V Ker(f)), f(B V 
Ker(f))]a)) = AB(f(a V Ker(f))) A AB(F(6 V Ker(f))) = 7 ps(a)) A 
AB(y,(8)) = L(f)Aala)) A Lf)Aa(B)) = L(f)(@) A L(f)(8) and 

= f(a VB 


Lf)(@V B) = L£(f)(Aa(Q) V Aa(8)) = LP) Aal@V B)) = AB(y p= 
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AB(f(av BV Ker(f))) = AB(f(avKer(f)V BV Ker(f))) = AB(f(a@VKer(f)))V 
AB(f(8VKer(f))) = AB(es(@))VAB(e (8) = LP) Aa(@))VE(P)Aa(B)) = 
L(f)(a@) VL )(B). Therefore £(f) is a lattice morphism. 


Remark 18 Clearly, if C is an algebra fromC andg: B—- C is a surjective 
morphism inC, then L(gof) = L(g)oL(f). Hence we have defined a covariant 
functor £L from the partial category of C whose morphisms are exactly the 
surjective morphisms from C to the partial category of the category DO1 
of bounded distributive lattices whose morphisms are exactly the surjective 
morphisms from DO1. 


Open problem 2 Extend the definition of £L to the whole category C, with 
the image in DO1, of course. 


Remark 19 By Proposition 15, if C is congruence-distributive, then we 
may take L(f) = pf |x): K(A) > K(B), with K(A) and K(B) bounded 
sublattices of Con(A) and Con(B), respectively. 


For any bounded lattice morphism h : L — M, let us denote by 
Kerjg(h) = h-!({0}) = {x € L | h(x) = 0} € Id(L), so that L/Kerjg(h) & 
h(L) by the Main Isomorphism Theorem. Let us prove that the reticulation 
preserves quotients: 


Theorem 7 For any 6 € Con(A), the lattices L(A/0) and L(A)/O* are 
isomorphic. 


Proof: Recall that 6* = A,4(K(A)N (6]) = {a | a € K(A),a C OF € 
Id(L(A)). pe : A A/@ is a surjective morphism in C, so we can apply the 


construction above: 
Pre 


Con(A) ue 
Ul 
K(A) pe ~K(A/0) 
rl avo 
L(A) £(pe) __. 419) 


For all a € Con(A), Yp,(a Ss pe(a V Ker(pe)) = (a V @)/8, so, 
for all a € K(A), L(pe)(@) = (aV0)/0 € E L(A/6)._ TI Thus, for or any a € 
K(A): @ © Kertg(L(pe)) iff L(p—9)(@) = Aaj iff (aV0)/6 = = 6/0, that is 
Aajo((aV4)/O) = A4/6(8/8), iff pajo((@VO)/A) = payo(O/®) iff pa(ave)/0 = 
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pa(O)/0 iff pa(a V 0) = pa(O) iff pa(a V 8) C pa(@) iff aV A C pa(O) iff 
a C pa(O) iff @ € (p4(A))* = 6*, hence Kerjg(L(p9)) = 0*; we have applied 
Lemma 6 and Lemma 14, (i). Proposition 23 ensures us that the lattice 
morphism L(pg) is surjective, so, from the Main Isomorphism Theorem, we 


obtain: £(A/0) = L(A) /. 


Proposition 24 The lattices £(A) and L(A/pa(Aa)) are isomorphic. 


Proof: By Lemma 14, (i), and Theorem 7, p4(A,)* = A%, hence the 
lattice £(A/p4(A4)) is isomorphic to £(A)/pa4(Aa4)* = £(A)/A%, which, 
in turn, is isomorphic to £(A/A4), and thus to £(A), since the algebras 
A/A, and A are isomorphic. 


Remark 20 Propositions 17 and 24 show that the reticulation of any alge- 
bra M from a semi-degenerate congruence-modular variety such that K(M) 
is closed with respect to the commutator of M and Vu € K(M) is isomorphic 
to the reticulation of a semiprime algebra from the same variety. 


Corollary 3 B(L(A)) and B(Con(A/p4(Aa))) are isomorphic Boolean al- 
gebras. 


Proof: By Proposition 17, Theorem 5 and Proposition 24, A/p4(A4z) is 
semiprime, thus the Boolean algebra B(Con(A/p4(A4))) is isomorphic to 
B(L(A/pa(Aa))), which in turn is isomorphic to B(L(A)). 

Recall Nachbin‘s Theorem, stating that, if DL is a bounded distribu- 
tive lattice, then: L is a Boolean algebra iff Maxjq(L) = Specyg(L) iff 
Maxpi(L) = Specpi,(Z). 


Theorem 8 The following are equivalent: 
(i) A is hyperarchimedean; 
(it) A/pa(Aa) is hyperarchimedean; 
(itt) Max(A) = Spec(A); 
(iv) L(A) is a Boolean lattice; 
(v) the lattice L(A) is isomorphic to B(Con(A)); 
(vi) the lattice L(A) is isomorphic to B(Con(A/pa(Aa))). 
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Proof: By Nachbin‘s Theorem, Proposition 11 and Corollary 1, (iii) is 
equivalent to (iv). Trivially, (vi) implies (iv), while the converse holds by 
Corollary 3. 

If A is semiprime, that is p4(A4) = Ag, so that A/pa(Ay) = A/Aa4 
is isomorphic to A, then (i) is equivalent to (ii) and (v) is equivalent 
to (vi). Now let us drop the condition that A is semiprime. But A/p,4(A4z) 
is semiprime, according to Proposition 17, hence, by the above, (ii) is 
equivalent to Max(A/p4(A,)) = Spec(A/p4(Aa)) and to the fact that 
L(A/pa(Aa)) is a Boolean lattice, which, in turn, is equivalent to (iv) 
by Proposition 24. Finally, to prove that (ii) is equivalent to (iii), use 
the above and the fact that, as shown by Lemma 2, Max(A/p4(Aa4)) = 
Spec(A/p,(A4)) iff Max(A)N[p4(A4)) = Spec(A)N [p4(Aa)) iff Max(A) = 
Spec(A), since Max(A) C Spec(A) C [p4(Aa)). 

Note that Theorem 8 extends Nachbin‘s Theorem, as well as Kaplan- 
sky‘s characterization for regular rings in the sense of Von Neumann: [28, 
Theorem 3.6, p. 198]. 


8 Conclusions 


The main contributions of the present paper are: 


e the construction of the reticulation of a universal algebra using com- 
mutator theory, and the proof for its uniqueness: Theorem 3 from 
Section 4; 


our construction generalizes all cases existing in the present litterature and 
can be used for other classes of algebras, as well; this construction allows a 
transfer of properties between these classes of algebras and the variety of 
bounded distributive lattices, which we shall further illustrate in a sequel of 
this work; 


e the preservation theorems for finite direct products and quotients: 
Theorem 4 from Section 5 and Theorem 7 in Section 7; 


e studying the relation between the Boolean center of the congruence 
lattice of an algebra and the Boolean center of the reticulation of that 
algebra: Theorem 5 from Section 6; 


these two Boolean algebras turn out to be isomorphic in the case of semiprime 
algebras, as well as that of algebras with associative commutators; in the 
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sequel, we will use this Boolean isomorphism to study Stone, normal and 
B-normal algebras and some lifting properties; as a theme for future research, 
this isomorphism theorem could lead to new results for varieties with Boolean 
Factor Congruences [4]; 


e establishing the relation between the annihilators in the reticulation of 
an algebra and the annihilators of the congruences of that algebra in 
its congruence lattice: Theorem 6 from Section 6; 


e a characterization theorem for hyperarchimedean algebras: Theorem 8 
of Section 7; 


an interesting case for a further study of the reticulation is that of subtractive 
varieties, using the ideals of the members of these varieties [3]. 
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